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❖ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✿ ♣r✐♠❛♥❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦
❞♦ ❝♦♥❝❡✐t♦

❚r❛❜❛❧❤♦ ❞❡ ❈♦♥❝❧✉sã♦ ❞❡ ❈✉rs♦ s✉❜♠❡t✐❞♦ à ❈♦♦r✲
❞❡♥❛çã♦ ❞♦ ❈✉rs♦ ❞❡ ❊s♣❡❝✐❛❧✐③❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❞♦ ■♥st✐t✉t♦ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛ ✲ ❈❛♠♣✉s ❈❛❥❛③❡✐✲
r❛s✱ ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦
❣r❛✉ ❞❡ ❊s♣❡❝✐❛❧✐st❛ ❡♠ ▼❛t❡♠át✐❝❛✳

❖r✐❡♥t❛❞♦r✿ ▼❡✳ ❙t❛♥❧❡② ❇♦r❣❡s ❞❡ ❖❧✐✈❡✐r❛

❈❛❥❛③❡✐r❛s ✲ P❇
✷✵✷✷





❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞✐r❡t❛
♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛ ♠❡✉ ✜❧❤♦ ❘í❝❛r♦
❈❛r❞♦s♦ ❞❡ ❖❧✐✈❡✐r❛ ♣❡❧❛ ♠♦t✐✈❛çã♦ ❡ à ♠✐♥❤❛ ♠ã❡
❏♦s❡❧✐♥❛ ❇❡③❡rr❛ ❞❡ ❖❧✐✈❡✐r❛ ♣♦r t♦❞♦ ❡s❢♦rç♦ ❞❡❞✐✲
❝❛❞♦ à ♥♦ss❛ ❡❞✉❝❛çã♦✳

✏❆ ♣❡rs✐stê♥❝✐❛ é ♦ ❝❛♠✐♥❤♦ ❞♦ ê①✐t♦✳✑
❈❤❛r❧❡s ❈❤❛♣❧✐♥



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦ ❣r❛♥❞❡ ❝r✐❛❞♦r ♣❡❧♦ ❞♦♠ ❞❛ ✈✐❞❛✱ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛ ♠❡✉s ♣❛✐s✿ ❋r❛♥✲

❝✐s❝♦ ❈❛r❞♦s♦ ▲❡✐t❡ ❡ ❏♦s❡❧✐♥❛ ❇❡③❡rr❛ ❞❡ ❖❧✐✈❡✐r❛✱ ♣♦r t❡r❡♠ ❞❛❞♦ s❡✉ ♠❡❧❤♦r ❞❡ ❢♦r♠❛ ❝♦♥tí♥✉❛ ❛♦ ❧♦♥❣♦

❞❡ t♦❞♦ ♥♦ss♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✱ ❛ t♦❞♦s ♠❡✉s ❛♠✐❣♦s✱ ❞❡ ♠❛♥❡✐r❛ ❡s♣❡❝✐❛❧✱ ❛ ❏❛❝❦s♦♥✱ ❆✐rt♦♥ ❡ ❆♥✐❡❧♠❛

♣❡❧❛s ❝♦♥tr✐❜✉✐çõ❡s ❡ ♠♦t✐✈❛çã♦✱ ❛♦ ■❋ ♣♦r ♥♦s ♦❢❡rt❛r ✉♠ ❝✉rs♦ ❞❡ss❡ ♥í✈❡❧ ❡ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s✱ ❡♠

❡s♣❡❝✐❛❧✱ ❛♦ ♦r✐❡♥t❛❞♦r ❙t❛♥❧❡② ❇♦r❣❡s ❞❡ ❖❧✐✈❡✐r❛✳



❘❡s✉♠♦

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❞❡ ❢♦r♠❛ ❞❡t❛❧❤❛❞❛✱ ♣r✐♠❛♥❞♦ ♣♦r ✉♠❛
❧✐♥❣✉❛❣❡♠ ❝❧❛r❛ ❡ ♦❜❥❡t✐✈❛✱ ❣❛r❛♥t✐♥❞♦ ✉♠❛ ❛♣r❡♥❞✐③❛❣❡♠ ♠❛✐s ❝♦♥s✐st❡♥t❡ ❡ ♠❡♥♦s ♠❡❝â♥✐❝❛✳ ❚❛♠❜é♠
❡♥❢❛t✐③❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❤✐stór✐❝❛ ❞❡st❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❛ ❡♥♦r♠❡ ♣r❡s❡♥ç❛ ❡♠ ❝♦♥❝✉rs♦s ❡ ❛s ❞✐✜❝✉❧❞❛❞❡s
❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❛♣r❡s❡♥t❛❞❛s ♣♦r ♠✉✐t♦s ❡st✉❞❛♥t❡s✳ ■♥✐❝✐❛ ❝♦♠ ❛❜♦r❞❛❣❡♥s ❤✐stór✐❝❛s✱ ♣♦✐s é ❞❡ ❣r❛♥❞❡
r❡❧❡✈â♥❝✐❛ ❝♦♥❤❡❝❡r ♠♦t✐✈❛çõ❡s q✉❡✱ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❛♥t❡❝❡❞❡r❛♠ ❛ s✐st❡♠❛t✐③❛çã♦ ❞❡ss❡ ✐♠♣♦rt❛♥t❡
❝♦♥❤❡❝✐♠❡♥t♦✳ ◆♦ t♦❝❛♥t❡ às ❞✐✜❝✉❧❞❛❞❡s q✉❡ ♠✉✐t♦s ❡st✉❞❛♥t❡s ❛♣r❡s❡♥t❛♠ ❡♠ ❞✐❢❡r❡♥❝✐❛r ❝❛❞❛ ❝❛s♦
❡s♣❡❝✐❛❧ ✭❢❛t♦r✐❛❧✱ ♣❡r♠✉t❛çõ❡s✱ ❛rr❛♥❥♦s ❡ ❝♦♠❜✐♥❛çõ❡s✮✱ ♣r♦♣õ❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❡♥♦s té❝♥✐❝❛ ❡ ♠❛✐s
❝♦♥❝❡✐t✉❛❧✱ ❛♣r❡s❡♥t❛♥❞♦ ❛s ❞❡♠♦♥str❛çõ❡s ❞♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❝❛❞❛ ❝❛s♦ ❡s♣❡❝✐❛❧
❛❜♦r❞❛❞♦ ❡✱ ❛♦ ✐♥✈és ❞❡ ✉t✐❧✐③❛r ✉♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣r♦♥t♦✱ q✉❡ ♣♦r s✐ só ♠✉✐t❛s ✈❡③❡s ♥ã♦ é s✉✜✲
❝✐❡♥t❡ ♣❛r❛ r❡s♦❧✈❡r ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♣r♦❜❧❡♠❛✱ ♦♣t❛ ♣♦r ❛♣❧✐❝❛r ♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞✐r❡t❛♠❡♥t❡
❛♦ ♣r♦❜❧❡♠❛✱ ♣♦✐s é ✉♠ ❝♦♥t❡ú❞♦ ❡♠ q✉❡ ❤á s❡♠♣r❡ ❡s♣❛ç♦ ♣❛r❛ ❛ ❝r✐❛t✐✈✐❞❛❞❡ ❞✉r❛♥t❡ ❛ r❡s♦❧✉çã♦ ❞❡
❞✐✈❡rs♦s ❞❡ s❡✉s ♣r♦❜❧❡♠❛s✱ ❛❧é♠ ❞❡ ❡st✐♠✉❧❛r ♦ ✐♥st✐♥t♦ ✐♥✈❡st✐❣❛t✐✈♦ ❞♦ ❧❡✐t♦r✳ P♦rt❛♥t♦✱ ✐r ✐♥s❡r✐♥❞♦
♦✉tr♦s t❡r♠♦s ❛♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ ❢♦r♠❛ ❣r❛❞❛t✐✈❛ ❡ s❡❣✉✐♥❞♦ ❛s ❡t❛♣❛s ❞❡ r❡s♦❧✉çã♦✱ ✈❛❧♦r✐③❛
❛ ❝♦♠♣r❡❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡❧❡✈❛ ♦ ♥í✈❡❧ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ ▼❛t❡♠át✐❝❛✱ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✳



❆❜str❛❝t

❚❤✐s ✇♦r❦ ♣r❡s❡♥ts t❤❡ ❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡ ♦❢ ❝♦✉t✐♥❣ ✐s ❞❡t❛✐❧✱ str✐✈✐♥❣ ❢♦r ❛ ❝❧❡❛r ❛♥❞ ♦❜❥❡❝t✐✈❡
❧❛♥❣✉❛❣❡✱ ❡♥s✉r✐♥❣ ❛ ♠♦r❡ ❝♦♥s✐st❡♥t ❛♥❞ ❧❡ss ♠❡❝❤❛♥✐❝❛❧ ❧❡❛r♥✐♥❣✳ ■t ❛❧s♦ ❡♠♣❤❛s✐③❡s t❤❡ ❤✐st♦r✐❝❛❧ ✐♠✲
♣♦rt❛♥❝❡ ♦❢ t❤✐s ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❤✉❣❡ ♣r❡s❡♥❝❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥s ❛♥❞ t❤❡ ❧❡❛r♥✐♥❣ ❞✐✣❝✉❧t✐❡s ♣r❡s❡♥t❡❞ ❜②
♠❛♥② st✉❞❡♥ts✳ ■t st❛rts ✇✐t❤ ❤✐st♦r✐❝❛❧ ❛♣♣r♦❛❝❤❡s✱ ❛s ✐t ✐s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ t♦ ❦♥♦✇ t❤❡ ♠♦t✐✈❛t✐♦♥s
t❤❛t✱ ♦✈❡r t✐♠❡ ♣r❡❝❡❞❡❞ t❤❡ s②st❡♠❛t✐③❛t✐♦♥ ♦❢ t❤✐s ✐♠♣♦rt❛♥t ❦♥♦✇❧❡❞❣❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❞✐✣❝✉❧t✐❡s t❤❛t
♠❛♥② st✉❞❡♥ts ♣r❡s❡♥t ✐♥ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡❛❝❤ s♣❡❝✐❛❧ ❝❛s❡ ✭ ❢❛❝t♦r✐❛❧✱ ♣❡r♠✉t❛t✐♦♥✱ ❛rr❛♥❣❡♠❡♥ts ❛♥❞
❝♦♠❜✐♥❛t✐♦♥s✮✱ ✐t ♣r♦♣♦s❡s ❛ ❧❡ss t❡❝❤♥✐❝❛❧ ❛♥❞ ♠♦r❡ ❝♦♥❝❡♣t✉❛❧ ❛♣♣r♦❛❝❤✱ ♣r❡s❡♥t✐♥❣ t❤❡ ❞❡♠♦♥str❛t✐♦♥s
♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ s♣❡❝✐❛❧ ❝❛s❡ ❛♣♣r♦❛❝❤❡❞ ❛♥❞✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ r❡❛❞②✲
♠❛❞❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✱ ✇❤✐❝❤ ❜② ✐ts❡❧❢ ✐s ♦❢t❡♥ ♥♦t ❡♥♦✉❣❤ t♦ s♦❧✈❡ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✱ ❝❤♦♦s❡s t♦ ❛♣♣❧②
t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣r✐♥❝✐♣❧❡ ❞✐r❡❝t❧② t♦ t❤❡ ♣r♦❜❧❡♠✱ ❛s ✐t ✐s ❝♦♥t❡♥t ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ❛❧✇❛②s r♦♦♠ ❢♦r ❝r❡❛✲
t✐✈✐t② ✇❤❡♥ s♦❧✈✐♥❣ s❡✈❡r❛❧ ♦❢ ✐ts ♣r♦❜❧❡♠s✱ ✐♥ ❛❞❞✐t✐t✐♦♥ t♦ st✐♠✉❧❛t✐♥❣ t❤❡ r❡❛❞❡r✬s ✐♥✈❡st✐❣❛t✐♥❣ ✐♥st✐♥t✐❝✳
❚❤❡r❡❢♦r❡✱ ❣r❛❞✉❛❧❧② ✐♥s❡rt✐♥❣ ♦t❤❡r t❡r♠s t♦ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣r✐♥❝✐♣❧❡ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥s
st❡♣s ❡♥❤❛♥❝❡s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② r❛✐s❡s t❤❡ ❧❡✈❡❧ ♦❢ ❦♥♦✇❧❡❞❣❡✳

❑❡②❲♦r❞s✿ ▼❛t❤❡♠❛t✐❝s✱ ❈♦♠❜✐♥❛t♦r✐❛❧ ❆♥❛❧②s❡s✱ ❋✉♥❞❛♠❡♥t❛❧ ❈♦✉t✐♥❣ Pr✐♥❝✐♣❧❡ ✳
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❖ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ✲ P❋❈ é ✉♠ ❝♦♥❝❡✐t♦ r❡❧❡✈❛♥t❡ ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱

s❡♥❞♦ ❡st❡ ✉♠ ❞♦s r❡s♣♦♥sá✈❡✐s ♣❡❧♦ s✉r❣✐♠❡♥t♦ ❞❡ ♦✉tr♦s ❞❡ss❡ ❝❛♠♣♦ ❞❛ ▼❛t❡♠át✐❝❛✱ ❝♦♠♦ ♦s ♠♦❞❡❧♦s

♠❛t❡♠át✐❝♦s ❞❡ ❢❛t♦r✐❛❧✱ ❝♦♠❜✐♥❛çõ❡s✱ ❛rr❛♥❥♦s ❡ ♣❡r♠✉t❛çõ❡s✳ ❉❡ss❛ ❢♦r♠❛✱ é ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♣r❡❡♥❞❡r

❡ss❡ ♣r✐♥❝í♣✐♦ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ s✐t✉❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ❡ss❡s ❝♦♥❝❡✐t♦s✳

➱ ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ❜❡♠ ❡ss❡s ♠♦❞❡❧♦s ❛♥t❡s ❞❡ ❛♣❧✐❝á✲❧♦s✱ ♣♦✐s ♠✉✐t♦s ♣r♦❜❧❡♠❛s ❛♣r❡s❡♥t❛♠

❞✉❜✐❡❞❛❞❡ ❞❡ s❡♥t✐❞♦✱ q✉❡ ♣❛r❛ ▼♦r❣❛❞♦❀ ❈❛r✈❛❧❤♦✱ ❏✳❀ ❈❛r✈❛❧❤♦✱ P✳ ❡ ❋❡r♥❛♥❞❡③ ✭✶✾✾✶✱ ♣✳ ✷✮ ✏❡ss❡ é

✉♠ ❞♦s ❡♥❝❛♥t♦s ❞❡st❛ ♣❛rt❡ ❞❛ ▼❛t❡♠át✐❝❛✱ ❡♠ q✉❡ ♣r♦❜❧❡♠❛s ❢á❝❡✐s ❞❡ ❡♥✉♥❝✐❛r r❡✈❡❧❛♠✲s❡ ♣♦r ✈❡③❡s

❞✐❢í❝❡✐s✱ ❡①✐❣✐♥❞♦ ✉♠❛ ❛❧t❛ ❞♦s❡ ❞❡ ❝r✐❛t✐✈✐❞❛❞❡ ♣❛r❛ s✉❛ s♦❧✉çã♦✑✳ ❖s ♠❡s♠♦s ❛✉t♦r❡s ❛✐♥❞❛ ❛✜r♠❛♠ q✉❡

✏é ✈❡r❞❛❞❡ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠❜✐♥❛tór✐♦ ❡①✐❣❡ q✉❛s❡ s❡♠♣r❡ ❡♥❣❡♥❤♦s✐❞❛❞❡ ❡ ❛ ❝♦♠♣r❡❡♥sã♦

♣❧❡♥❛ ❞❛ s✐t✉❛çã♦ ❞❡s❝r✐t❛ ♣❡❧♦ ♣r♦❜❧❡♠❛✑✳

❆ss✐♠✱ ♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ss❡s ♠♦❞❡❧♦s ✈❛✐ ♠✉✐t♦ ❛❧é♠ ❞❡ ♠❡♠♦r✐③á✲❧♦s

❡ ❛♣❧✐❝á✲❧♦s✱ ♣♦✐s ♥ã♦ ❢♦r♥❡❝❡ ❣❛r❛♥t✐❛ ❞❡ r❡s♦❧✈❡r ❝❡rt♦s ♣r♦❜❧❡♠❛s✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ❙❛♠✉❡❧ ❍❛③❛♥

✭✷✵✶✸✱ ♣✳ ✶✺✮✱ ❞✐③ q✉❡ ✏❞❡❞✉③✐r ❢ór♠✉❧❛s q✉❡ ♣❡r♠✐t❛♠ ❛ ❝♦♥t❛❣❡♠ ❞♦s ♠❡s♠♦s✱ ❡♠ ❝❛❞❛ ❝❛s♦ ♣❛rt✐❝✉❧❛r

❛ s❡r ❡st✉❞❛❞♦ ♣♦❞❡ s❡r ♠❛✐s ❢á❝✐❧ ❡ s❡❣✉r♦✑✳

◆❡ss❛ ♣❡rs♣❡❝t✐✈❛✱ ❞✐❛♥t❡ ❞❛s ❞✐✜❝✉❧❞❛❞❡s ❛♣r❡s❡♥t❛❞❛s ♣♦r ♠✉✐t♦s ❡st✉❞❛♥t❡s ❡ ♣r♦❢❡ss♦r❡s ❡♠

r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❝♦♠❜✐♥❛tór✐♦s✱ ♣❡r❝❡❜❡✲s❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❛♣r❡s❡♥t❛r ♦ P❋❈ ❞❡ ♠❛♥❡✐r❛ ♠❡♥♦s ♠❡✲

❝â♥✐❝❛✳

P♦rt❛♥t♦✱ ♥❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s r❡s♦❧✉çõ❡s ❞❡ q✉❡stõ❡s s❡♠♣r❡ ✉t✐❧✐③❛♥❞♦ ♦ P❋❈✱ ❥✉♥t❛✲

♠❡♥t❡ ❝♦♠ ❡str❛té❣✐❛s q✉❡ ♣r♦♣♦r❝✐♦♥❡ ❛ ❝♦♠♣r❡❡♥sã♦ ♣❧❡♥❛ ❞❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❚❛✐s ❡str❛té❣✐❛s✱

s❡❣✉♥❞♦ ▲✐♠❛✱ ❈❛r✈❛❧❤♦✱ ❲❛❣♥❡r ❡ ▼♦r❣❛❞♦ ✭✷✵✶✻✱ ♣✳ ✽✷✮✱ sã♦✿

✶✳ P♦st✉r❛✳ ❉❡✈❡♠♦s s❡♠♣r❡ ♥♦s ❝♦❧♦❝❛r ♥♦ ♣❛♣❡❧ ❞❛ ♣❡ss♦❛ q✉❡ ❞❡✈❡ ❢❛③❡r ❛ ❛çã♦
s♦❧✐❝✐t❛❞❛ ♣❡❧♦ ♣r♦❜❧❡♠❛ ❡ ✈❡r q✉❡ ❞❡❝✐sã♦ ❞❡✈❡♠♦s t♦♠❛r✳

✷✳ ❉✐✈✐sã♦✳ ❉❡✈❡♠♦s✱ s❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧✱ ❞✐✈✐❞✐r ❛s ❞❡❝✐sõ❡s ❛ s❡r❡♠ t♦♠❛❞❛s ❡♠
❞❡❝✐sõ❡s ♠❛✐s s✐♠♣❧❡s✳

✸✳ ◆ã♦ ❛❞✐❛r ❛s ❞✐✜❝✉❧❞❛❞❡s✳ P❡q✉❡♥❛s ❞✐✜❝✉❧❞❛❞❡s ❛❞✐❛❞❛s ❝♦st✉♠❛♠ s❡ tr❛♥s❢♦r♠❛r
❡♠ ✐♠❡♥s❛s ❞✐✜❝✉❧❞❛❞❡s✳ ❙❡ ✉♠❛ ❞❛s ❞❡❝✐sõ❡s ❛ s❡r❡♠ t♦♠❛❞❛s ❢♦r ♠❛✐s r❡str✐t❛ q✉❡
❛s ❞❡♠❛✐s✱ ❡ss❛ é ❛ ❞❡❝✐sã♦ q✉❡ ❞❡✈❡ s❡r t♦♠❛❞❛ ❡♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥❞❛❣❛çã♦✿ q✉❛❧ ❛ r❡❧❡✈â♥❝✐❛ ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛

❈♦♥t❛❣❡♠✱ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ ❝♦♥❝❡✐t♦s ❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ♥❛

❢♦r♠❛çã♦ ❜ás✐❝❛ ❞♦ ❡st✉❞❛♥t❡❄

❆ ✜♠ ❞❡ r❡s♣♦♥❞❡r ❡ss❛ ♣❡r❣✉♥t❛✱ tr❛ç❛♠♦s ♦s s❡❣✉✐♥t❡s ♦❜❥❡t✐✈♦s✿

❖❜❥❡t✐✈♦ ❣❡r❛❧✿ Pr♦♣♦r ❛ ❛♣❧✐❝❛çã♦ ❝♦♥❝❡✐t✉❛❧ ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❞✐r❡t❛♠❡♥t❡ ♥♦

❡♥t❡♥❞✐♠❡♥t♦ ❞♦s ❝♦♥❝❡✐t♦s ❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♥♦ q✉❡ t❛♥❣❡ à ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❜ás✐❝❛✳

❖❜❥❡t✐✈♦s ❡s♣❡❝í✜❝♦s✿

❼ ❋❛③❡r ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❤✐stór✐❝❛ ❞❛ ❡✈♦❧✉çã♦ ❡ ❝r✐❛çã♦ ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❡

❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✳

❼ ❆♣r❡s❡♥t❛r ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✳

❼ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❛ ♣❛rt✐r ❞♦ P❋❈✳

◆❡st❛ ♣❡sq✉✐s❛✱ tr❛ç❛♠♦s ✉♠ ❜r❡✈❡ ❤✐stór✐❝♦ ❞❡ ♣♦ssí✈❡✐s ♠♦t✐✈❛çõ❡s q✉❡ ❞❡s♣❡rt❛r❛♠ ❡♠ ❣r❛♥❞❡s

♠❛t❡♠át✐❝♦s✱ ❝♦♠♦✿ ●✐r♦❧❛♠♦ ❈❛r❞❛♥♦✱ ❋❡r♠❛t✱ P❛s❝❛❧ ❡ ▲❡✐❜♥✐③ ♦ ✐♥t❡r❡ss❡ ♣♦r ❡st❛ ár❡❛ ❞❡ ❝♦♥❤❡❝✐✲



■◆❚❘❖❉❯➬➹❖ ✶✶

♠❡♥t♦✳ ❈♦♠♦ t❛♠❜é♠✱ ✉♠ ❜r❡✈❡ ❤✐stór✐❝♦ ❛❝❡r❝❛ ❞♦ s✉r❣✐♠❡♥t♦ ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ✈✐s❛♥❞♦

❝♦♠♣r❡❡♥❞❡r ♠❡❧❤♦r ❛s ♠♦t✐✈❛çõ❡s q✉❡ ❧❡✈❛r❛♠ ❛ s✐st❡♠❛t✐③❛çã♦ ❞❡ss❡ ✐♠♣♦rt❛♥t❡ ❝♦♥❤❡❝✐♠❡♥t♦✳

❊♠ s❡❣✉✐❞❛ ❛❜♦r❞❛♠♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛

❝♦♥t✐❞❛ ♥♦s ❝✉rrí❝✉❧♦s ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✳ ▼♦str❛♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❡♥❢át✐❝❛ q✉❡ ❢❛t♦r✐❛❧✱ ♣❡r♠✉t❛çõ❡s✱ ❛r✲

r❛♥❥♦s ❡ ❝♦♠❜✐♥❛çõ❡s sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦✳ ◗✉❡ ❛s ❢ór♠✉❧❛s ♥ã♦ ❞❡✈❡♠ s❡r

♣❡r❝❡❜✐❞❛s ❛♣❡♥❛s ❝♦♠♦ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s✱ ♦s ❡❧❡♠❡♥t♦s q✉❡ ❛s ❝♦♠♣õ❡♠ tê♠ ❢✉♥çõ❡s ❡s♣❡❝í✜❝❛s

❞❡♥tr♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s✱ q✉❡ sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛✲

❣❡♠✳

▼❡t♦❞♦❧♦❣✐❛

❊st❡ tr❛❜❛❧❤♦ t❡✈❡ ❝♦♠♦ ♥♦rt❡❛♠❡♥t♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ q✉❛❧✐t❛t✐✈❛✱ ♣♦✐s ❜✉s❝❛♠♦s ❝♦♠♣r❡❡♥❞❡r

❝♦♠♦ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ♣♦❞❡ ❝♦♥tr✐❜✉✐r ♥♦ ❡♥s✐♥♦ ❞❛ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛ ❜ás✐❝❛✱

❡♠ ✈✐rt✉❞❡ ❞❛s ❞✐✜❝✉❧❞❛❞❡s ❛♣r❡s❡♥t❛❞❛s ❝♦♠✉♠❡♥t❡ ♣♦r ❛❧❣✉♥s ❡st✉❞❛♥t❡s✳

❆ ♣❡sq✉✐s❛ ♣♦ss✉✐ ✉♠❛ ♥❛t✉r❡③❛ ❛♣❧✐❝❛❞❛✱ ✈✐st♦ q✉❡ ❛❧♠❡❥♦✉ ❣❡r❛r ❝♦♥❤❡❝✐♠❡♥t♦s ❡ ❡str❛té❣✐❛s

♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦s ❝♦♥❝❡✐t♦s ❡ r❡s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❛ ♣❛rt✐r ❞♦ Pr✐♥✲

❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✳

◗✉❛♥t♦ ❛♦s ♦❜❥❡t✐✈♦s ❞❛ ♣❡sq✉✐s❛ ❝❧❛ss✐✜❝❛✲s❡ ❡♠ ❡①♣❧♦r❛tór✐♦s✱ ✉♠❛ ✈❡③ q✉❡ ♦❜❥❡t✐✈♦✉ ❝♦♥✲

q✉✐st❛r ♠❛✐♦r ❢❛♠✐❧✐❛r✐❞❛❞❡ ❝♦♠ ♦ t❡♠❛✱ ♣r♦♣♦♥❞♦ ❡str❛té❣✐❛s q✉❡ ✈✐s❛♠ ❢❛❝✐❧✐t❛r ❛ ✐♥t❡r♥❛❧✐③❛çã♦ ❞❡ss❡

✐♠♣♦rt❛♥t❡ ❝♦♥❤❡❝✐♠❡♥t♦✳

P♦r ✜♠✱ ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞♦ tr❛❜❛❧❤♦✱ ❢♦✐ ❢❡✐t❛ ✉♠❛ ♣❡sq✉✐s❛ ❝♦♠ ♣r♦❝❡❞✐♠❡♥t♦s ❜✐❜❧✐♦❣rá✜❝♦s✱

♣♦✐s ❢♦✐ r❡❛❧✐③❛❞♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ r❡❢❡rê♥❝✐❛s t❡ór✐❝❛s ❡♠ s✐t❡s ❡ ❧✐✈r♦s ❛❞♦t❛❞♦s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦ ❡

❙✉♣❡r✐♦r✱ t❛✐s ❝♦♠♦ ❧✐✈r♦s ❞❡ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛✱ ❡♠ ❛rt✐❣♦s✱ r❡✈✐st❛s ❡ ♣♦rt❛✐s✳ P❛r❛ ❡♠ s❡❣✉✐❞❛✱

❞✐❣✐t❛❧✐③❛r♠♦s ❡ r❡s♦❧✈❡r♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♥♦ss❛ ♣r♦♣♦st❛✳



✶✷

✶✳ ❯▼ ❇❘❊❱❊ ❍■❙❚Ó❘■❈❖ ❙❖❇❘❊ ❆ ❖❘■✲

●❊▼ ❉❆ ❆◆➪▲■❙❊ ❈❖▼❇■◆❆❚Ó❘■❆

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❜r❡✈❡ ❛♣❛r❛t♦ ❤✐stór✐❝♦ s♦❜r❡ ❛ ♦r✐❣❡♠ ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛

❝♦♥t❡♠♣❧❛♥❞♦ ❛❧❣✉♥s ❢❛t♦s q✉❡ ♠♦t✐✈❛r❛♠ ♦ s❡✉ s✉r❣✐♠❡♥t♦✱ ♦ q✉❛❧ ❢♦✐ ❛❞✈✐♥❞♦ ❞❡ ✐♥q✉✐❡t❛çõ❡s ❤✉♠❛✲

♥❛s ❜❛st❛♥t❡ ❛♥t✐❣❛s ❡ ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ✐♠♣♦rt❛♥t❡s ♣❡rs♦♥❛❧✐❞❛❞❡s ❛♦ ❧♦♥❣♦ ❞❡ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✳

❆❜♦r❞❛♠♦s t❛♠❜é♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❤✐stór✐❛ ♠❛t❡♠át✐❝❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✳ P❛r❛

❛ ❡❧❛❜♦r❛çã♦ ❞❡ss❡ ❝❛♣ít✉❧♦✱ ✉t✐❧✐③❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛s✿ ❇❖❨❊❘ ✭✶✾✼✹✮✱ ❇■❆◆❈❍■ ✭✷✵✵✻✮✱ ❇❘❆❙■▲

✭✶✾✾✾✮✱ ❉✬❆▼❇❘❖❙■❖ ✭✶✾✾✻✮✱ ❊❱❊❙ ✭✷✵✵✹✮ ❡ ❍❆❩❆◆ ✭✷✵✶✸✮✳

✶✳✶✳ ❆ ❈❖◆❚❘■❇❯■➬➹❖ ❉❆ ❍■❙❚Ó❘■❆ ▼❆❚❊▼➪✲

❚■❈❆ ◆❖ ❊◆❙■◆❖ ❉❆ ❆◆➪▲■❙❊ ❈❖▼❇■◆❆❚Ó❘■❆

❆ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛ ♠♦str❛ q✉❡ ❡❧❛ t❡♠ ✉♠ ♣r♦❝❡ss♦ ❤✐stór✐❝♦ ❛ ♣❛rt✐r ❞❛s ♥❡❝❡ss✐❞❛❞❡s

❤✉♠❛♥❛s✱ s❡❥❛ ♥❛ ❝✉❧t✉r❛❀ ❛❧✐♠❡♥t❛çã♦❀ s✉❛ ✈✐❞❛ ❝♦t✐❞✐❛♥❛ ♦✉ ♣❡❧♦ s✐♠♣❧❡s ♣r❛③❡r ❞❛ ❝✉r✐♦s✐❞❛❞❡✳ ❉❡ss❛

❢♦r♠❛✱ ❝♦♥tr✐❜✉✐ ♥❛ ❝♦♥t❡①t✉❛❧✐③❛çã♦ ❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ ♥♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✱ ❡st✐♠✉❧❛♥❞♦✱ ❛ss✐♠✱

❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ▼❛t❡♠át✐❝❛ ♣♦r ♣❛rt❡ ❞♦s ❞✐s❝❡♥t❡s✳ ❙❡❣✉♥❞♦ ❉✬❆♠❜r♦s✐♦ ✭✶✾✾✻✱ ♣✳ ✷✾ ❡ ✸✵✮✱ ✏❛

❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛ é ✉♠ ❡❧❡♠❡♥t♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ s❡ ♣❡r❝❡❜❡r ❝♦♠♦ t❡♦r✐❛s ❡ ♣rát✐❝❛s ♠❛t❡♠át✐❝❛s

❢♦r❛♠ ❝r✐❛❞❛s✱ ❞❡s❡♥✈♦❧✈✐❞❛s ❡ ✉t✐❧✐③❛❞❛s ♥✉♠ ❝♦♥t❡①t♦ ❡s♣❡❝í✜❝♦ ❞❡ s✉❛ é♣♦❝❛✳✑

❉✐✈❡rs♦s ❛✉t♦r❡s ❛❜♦r❞❛♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ✉t✐❧✐③❛çã♦ ❞❛ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛ ♥♦ ❡♥s✐♥♦ ❞❛

▼❛t❡♠át✐❝❛✳ ❖s ❛r❣✉♠❡♥t♦s ♣❛r❛ s✉❛ ✐♥t❡❣r❛çã♦✱ s❡❣✉♥❞♦ ❇✐❛♥❝❤✐ ✭✷✵✵✻✱ ♣✳ ✸✺✮✱ sã♦✿

❼ ❈♦♠♣r❡❡♥sã♦ ❞❛ ♥❛t✉r❡③❛ ❡ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝í✜❝❛s ❞♦ ♣❡♥s❛♠❡♥t♦ ♠❛t❡♠át✐❝♦
❡♠ r❡❧❛çã♦ ❛ ♦✉tr♦s t✐♣♦s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ✐st♦ é✱ ❛ ❤✐stór✐❛ ❝♦♠♦ ✉♠ ❡❧♦ ❡♥tr❡ ❛
♠❛t❡♠át✐❝❛ ❡ ♦✉tr♦s s✉❥❡✐t♦s✿ ❆ ▼❛t❡♠át✐❝❛ ❝♦♠ ♦✉tr❛s ❞✐s❝✐♣❧✐♥❛s✱ ❛ ✐♥t❡r❞✐s❝✐♣❧✐♥❛✲
r✐❞❛❞❡✳

❼ ❙❡❧❡çã♦ ❞❡ tó♣✐❝♦s✱ ♣r♦❜❧❡♠❛s ❡ ❡♣✐só❞✐♦s ❝♦♥s✐❞❡r❛❞♦s ♠♦t✐✈❛❞♦r❡s ❞❛ ❛♣r❡♥❞✐③❛❣❡♠
♠❛t❡♠át✐❝❛✳ ❆ ▼❛t❡♠át✐❝❛ é ✉♠❛ ❞✐s❝✐♣❧✐♥❛ ❞❡❞✉t✐✈❛♠❡♥t❡ ♦r✐❡♥t❛❞❛✳ ❙❡✉ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❤✐stór✐❝♦ ❡①♣❧✐❝❛ q✉❡ ❛ ❞❡❞✉çã♦ ✈❡♠ ❞❡♣♦✐s ❞❡ ❝❡rt❛ ♠❛t✉r✐❞❛❞❡✳ ❊❧❛ ❢♦✐
s❡♠♣r❡ ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ♣ré✈✐♦s✳

❼ P♦ss✐❜✐❧✐t❛ ❛ ❞❡s♠✐st✐✜❝❛çã♦ ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❛ ❞❡s❛❧✐❡♥❛çã♦ ❞❡ s❡✉ ❡♥s✐♥♦✳ ❆ ▼❛✲
t❡♠át✐❝❛ é ✉♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❤✉♠❛♥♦ ❡ ♥ã♦ ✉♠ s✐st❡♠❛ ❞❡ ✈❡r❞❛❞❡s rí❣✐❞❛s✳ ❆
♠❛t❡♠át✐❝❛ ♥ã♦ é ❢r✉t♦ ❞❡ ✉♠❛ ❡str✉t✉r❛ rí❣✐❞❛✱ ♠❛s ✉♠ ♣r♦❝❡ss♦ ✐♥t❡❧❡❝t✉❛❧ ❤✉♠❛♥♦
❝♦♥tí♥✉♦✱ ❧✐❣❛❞♦ ❛ ♦✉tr❛s ❝✐ê♥❝✐❛s✱ ❝✉❧t✉r❛s ❡ s♦❝✐❡❞❛❞❡s✳ ✭❆♣✉❞ ❚❩❆◆❆❑■❙ ❡ ❆❘✲
❈❆❱■✱ ✷✵✵✵❀ ▼■●❯❊▲ ❡ ▼■❖❘■▼✱ ✷✵✵✹✮

➱ ❢✉♥❞❛♠❡♥t❛❧ q✉❡ ♦ ❡st✉❞❛♥t❡ ♣❡r❝❡❜❛ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s ❝♦♠♦ ✉♠❛ ❝♦♥str✉çã♦

❤✉♠❛♥❛ ❛ ♣❛rt✐r ❞❡ s✉❛s ♥❡❝❡ss✐❞❛❞❡s ❡ ✐♥q✉✐❡t❛çõ❡s✱ ♥ã♦ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s s♦❧t❛s ❡ s❡♠

❛♣❧✐❝❛❜✐❧✐❞❛❞❡s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❝♦♠♦ ✈❡r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ❖s ❝♦♥❤❡❝✐♠❡♥t♦s

❞❡ss❛ ár❡❛ ❞❛ ▼❛t❡♠át✐❝❛ sã♦ ♠✉✐t♦ út❡✐s ❡ ♣rát✐❝♦s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t❛❣❡♠✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s ♠❛✐s ❝♦♠♣❧❡①♦s✳

❖s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ♥ã♦ ❞❡✈❡♠ s❡r tr❛t❛❞♦s ❝♦♠♦ ♠❡r♦ ❝♦♥❥✉♥t♦ ❞❡ r❡✲

❣r❛s✱ ♣♦✐s t❡♠ ❝♦♠♦ ❢✉♥❞❛♠❡♥t♦ s✉❛ ♥❛t✉r❡③❛ ✐♥✈❡st✐❣❛t✐✈❛ ❧ó❣✐❝❛✱ q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❛♦ ❡st✉❞❛♥t❡ ❛ ♦♣♦rt✉✲

♥✐❞❛❞❡ ❞❡ ❞❡s❡♥✈♦❧✈❡r ❤❛❜✐❧✐❞❛❞❡s ❡ ✉t✐❧✐③❛r ❞✐✈❡rs♦s ✐♥str✉♠❡♥t♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♠❛t❡♠át✐❝♦s✳

◆ã♦ ❜❛st❛ ♦ ❡st✉❞❛♥t❡ ❞✐❢❡r❡♥❝✐❛r ❆rr❛♥❥♦s ❞❡ ❈♦♠❜✐♥❛çõ❡s✱ ❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ é ❢✉♥❞❛♠❡♥t❛❧ ❞❡♥✲

tr♦ ❞♦ ❡st✉❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ❡st❛tíst✐❝❛ ❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭❞♦✐s ❝♦♥❤❡❝✐♠❡♥t♦s ♣r❡s❡♥t❡s ❡♠ ♥♦ss♦

❝♦t✐❞✐❛♥♦✮✳



❈❛♣ít✉❧♦ ✶✳ ❯▼ ❇❘❊❱❊ ❍■❙❚Ó❘■❈❖ ❙❖❇❘❊ ❆ ❖❘■●❊▼ ❉❆ ❆◆➪▲■❙❊ ❈❖▼❇■◆❆❚Ó❘■❆ ✶✸

➱ ✐♠♣♦rt❛♥t❡ ❛❜♦r❞❛r ❛ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛✱ ♣❛r❛ q✉❡ ♦ ❡st✉❞❛♥t❡ ♣❡r❝❡❜❛ ❛ ▼❛t❡♠át✐❝❛

❝♦♠♦ ❢❡rr❛♠❡♥t❛ q✉❡ ❝♦♥tr✐❜✉✐ ❝♦♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ♥❡❝❡ss✐❞❛❞❡s ❤✉♠❛♥❛s✱ ❡❧✐♠✐♥❛♥❞♦ ❛ss✐♠ ❛

✐❞❡✐❛ ❞✐st♦r❝✐❞❛ q✉❡ ❛ ♠❛t❡♠át✐❝❛ é ❛♣❡♥❛s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ r❡s♦❧✈❡r❡♠ ♣r♦❜❧❡♠❛s

❛❜str❛t♦s✳

✶✳✷✳ ❖❙ P❘■▼❊■❘❖❙ ❚❘❆❇❆▲❍❖❙ ❉❊ ❈❖◆❚❆●❊▼

❆ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦♥t❛r é ♠✉✐t♦ ♣r❡s❡♥t❡ ♥♦ ❝♦t✐❞✐❛♥♦ ❞❛s ♣❡ss♦❛s✱ ✐♥❞♦ ❞❡ ❝❛s♦s s✐♠♣❧❡s ❛té

✉♥s ❞❡ ♠❛✐♦r❡s ❝♦♠♣❧❡①✐❞❛❞❡s✳ ❆ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ é ♦ r❛♠♦ ❞❛ ▼❛t❡♠át✐❝❛ q✉❡ ❡st✉❞❛ ❡ ❛♣r❡s❡♥t❛

♠ét♦❞♦s r✐❣♦r♦s♦s ♣❛r❛ s❡ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ✉♠ ❡✈❡♥t♦✳ ❈♦♠♦ ❞❡✜♥❡ ❍❛③③❛♥

✭✷✵✶✸✱ ♣✳ ✶✮ ✏❆ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ✈✐s❛ ❞❡s❡♥✈♦❧✈❡r ♠ét♦❞♦s q✉❡ ♣❡r♠✐t❛♠ ❝♦♥t❛r ♦ ♥ú♠❡r♦ ❞❡

❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦✱ s❡♥❞♦ ❡st❡s ❡❧❡♠❡♥t♦s✱ ❛❣r✉♣❛♠❡♥t♦s ❢♦r♠❛❞♦s s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳✑

❖s ♣r♦❝❡ss♦s ❞❡ ❝♦♥t❛❣❡♠ s✉r❣✐r❛♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥❡❝❡ss✐❞❛❞❡s ❤✉♠❛♥❛s ♦✉ ♣♦r ❝✉r✐♦s✐❞❛❞❡

❞❡ ❛❧❣✉♠❛s ♣❡ss♦❛s✳ ◆ã♦ s❡ t❡♠ ♣♦r ❡①❛t✐❞ã♦ ♦ ✐♥í❝✐♦ ❞❛ ❝♦♥t❛❣❡♠✱ ♠❛s ✐♠❛❣✐♥❛✲s❡ q✉❡ ♦s ♣r✐♠❡✐r♦s ♣♦✈♦s

t✐♥❤❛♠ s✉❛ ❛❧✐♠❡♥t❛çã♦ ❛ ❜❛s❡ ❞❡ ✈❡❣❡t❛✐s ❡ ❝❛r♥❡s✱ ❛❞✈✐♥❞❛s ❞❛ ❝♦❧❤❡✐t❛✱ ❝❛ç❛ ❡ ♣❡s❝❛✱ ❥á ♣❡r❝❡❜❡♠♦s ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦♥t❛❣❡♠✱ q✉❡ ❞❡ ♠❛♥❡✐r❛ ❞✐♥â♠✐❝❛ ✈❡♠ s❡ ❞❡s❡♥✈♦❧✈❡♥❞♦✳

❯♠ ❞♦s ♣r✐♠❡✐r♦s tr❛❜❛❧❤♦s ❞❡ ❝♦♥t❛❣❡♠ ♠❛✐s ❝♦♠♣❧❡①♦s ❡ ❡♥❣❡♥❤♦s♦ ❛ s✉r❣✐r ❞❡ ❢♦r♠❛ ♠❛✐s

s✐st❡♠❛t✐③❛❞❛ q✉❡ s❡ t❡♠ r❡❣✐str❛❞♦✱ ❢♦✐ ♦ ❙t♦♠❛❝❤✐♦♥✱ ♣❛❧❛✈r❛ ❞❡r✐✈❛❞❛ ❞♦ ❣r❡❣♦ st♦♠❛❝❤♦s✱ ❡♠ ♣♦rt✉✲

❣✉ês✱ ❡stô♠❛❣♦✱ ✉♠❛ ❞❛s ❝r✐❛çõ❡s ❞♦ ❣r❛♥❞❡ ❆rq✉✐♠❡❞❡s ❞❡ ❙✐r❛❝✉s❛ ✭✷✽✼ ❛✳❝✳ ✕ ✷✶✷ ❛✳❝✮✱ s❡♠❡❧❤❛♥t❡ ❛♦

❚❛♥❣r❛♥✱ ♣♦ré♠ ❢♦r♠❛❞♦s ♣♦r ✶✹ ♣❡ç❛s q✉❡ q✉❛♥❞♦ ♣❡r❢❡✐t❛♠❡♥t❡ ❡♥❝❛✐①❛❞❛s ❢♦r♠❛♠ ✉♠ q✉❛❞r❛❞♦✱ ✈❡r

❛ ❋✐❣✉r❛ ✶✳✶✳

❋✐❣✉r❛ ✶✳✶✿ ❆rq✉✐♠❡❞❡s ❡ ❙t♦♠❛❝❤✐♦♥✳

❋♦♥t❡✿ ✭❆▲❆▼❨✱ ❝✳ ✷✵✷✶✮ ❡ ✭❇❆■➹❖✱ ✷✵✶✺✮

❊st❛♥❞♦ ❡♠❜❛r❛❧❤❛❞♦ ❡❧❡ ❡①✐❣✐rá ♠✉✐t❛ ❣❡♥✐❛❧✐❞❛❞❡ ♣❛r❛ s❡r ♠♦♥t❛❞♦ ✉t✐❧✐③❛♥❞♦ t♦❞❛s ❛s ♣❡ç❛s

❡ ❢♦r♠❛♥❞♦ ✉♠ q✉❛❞r❛❞♦✱ t♦❞❛✈✐❛ ♦s ♦❜❥❡t✐✈♦s ❞❡ ❆rq✉✐♠❡❞❡s ✐❛♠ ❛❧é♠ ❞✐ss♦✳ ❊❧❡ ❜✉s❝❛✈❛ ❞❡t❡r♠✐♥❛r

❝♦♠ ❡①❛t✐❞ã♦ ❡ ❝❧❛r❡③❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ q✉❛❞r❛❞♦s ❞✐st✐♥t♦s q✉❡ ♣♦❞❡r✐❛♠ s❡r ❢♦r♠❛❞♦s ✉t✐❧✐③❛♥❞♦ t♦❞❛s

❛s ♣❡ç❛s ❞♦ ❙t♦♠❛❝❤✐♦♥ ❡ ❡ss❡ ♦❜❥❡t✐✈♦ só ❢♦r❛ ❛❧❝❛♥ç❛❞♦ ♠❛✐s ❞❡ ✷✵✵✵ ❛♥♦s ❞❡♣♦✐s ❞❡ s✉❛ ♠♦rt❡✱ ♣♦r

✉♠ ❣r✉♣♦ ❞❡ ♣r♦❢❡ss♦r❡s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❙t❛♥❢♦r❞✱ ♥❛ ❈❛❧✐❢♦r♥✐❛✱ s❡♥❞♦ ✶✼✶✺✷ s♦❧✉çõ❡s t♦t❛✐s ❡✱ ✷✻✽

❞❡s❝♦♥s✐❞❡r❛♥❞♦ ❛s s✐♠étr✐❝❛s✳

❖✉tr♦ ♣❡rí♦❞♦ ❡♠ q✉❡ ❛ ❝♦♠❜✐♥❛tór✐❛ ❣❛♥❤♦✉ ❞❡st❛q✉❡ ❢♦✐ ♥♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦ ❳❱■✱ ✐♠♣✉❧s✐♦♥❛❞♦

♣❡❧♦s ❥♦❣♦s ❞❡ ❛③❛r✳ ●r❛♥❞❡s ♠❛t❡♠át✐❝♦s✱ ❡♥✈♦❧✈✐❞♦s ♣❡❧♦s ♠✐stér✐♦s ❞♦s ❥♦❣♦s ♦✉ ❛té ♥✉♠❛ t❡♥t❛t✐✈❛

❞❡ ❣❛♥❤❛r ❞✐♥❤❡✐r♦✱ s❡ ✐♥t❡r❡ss❛r❛♠ ❡♠ ❝♦♠♣r❡❡♥❞❡r ❡ ♣r♦♣♦r ❡①♣❧✐❝❛çõ❡s s♦❜r❡ ❛s ❝❤❛♥❝❡s ❞❡ ❣❛♥❤❛r ♦✉

♣❡r❞❡r ✉♠ ❥♦❣♦ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐çõ❡s✳

●❡r♦❧❛♠♦ ❈❛r❞❛♥♦ ✭✶✺✵✶✲✶✺✼✻✮ ❢♦✐ ✉♠ ✐t❛❧✐❛♥♦ q✉❡ s❡ ❞❡st❛❝♦✉ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐✲

♠❡♥t♦ ❝♦♠♦✿ ♠❡❞✐❝✐♥❛✱ ❛str♦❧♦❣✐❛✱ ✜❧♦s♦✜❛✱ r❡❧✐❣✐ã♦✱ ♠ús✐❝❛✱ ❢ís✐❝❛ ❡ ♠❛t❡♠át✐❝❛✳ ❉❡s❞❡ ❞❡ ❥♦✈❡♠ ❢♦✐



❈❛♣ít✉❧♦ ✶✳ ❯▼ ❇❘❊❱❊ ❍■❙❚Ó❘■❈❖ ❙❖❇❘❊ ❆ ❖❘■●❊▼ ❉❆ ❆◆➪▲■❙❊ ❈❖▼❇■◆❆❚Ó❘■❆ ✶✹

❛tr❛í❞♦ ♣❡❧♦s ♠✐stér✐♦s ❞♦s ❥♦❣♦s ❞❡ ❛③❛r✱ s❡♥❞♦ ❢❛✈♦r❡❝✐❞♦ ♣♦r s✉❛ ❣❡♥✐❛❧✐❞❛❞❡ ♥❛s ár❡❛s ❞❡ ❝♦♥t❛❣❡♠ ❡

♣r♦❜❛❜✐❧✐❞❛❞❡✳

❯♠ ❞♦s ❣r❛♥❞❡s ✏♣❡❝❛❞♦s✑ ❛tr✐❜✉í❞♦s ❛ ❈❛r❞❛♥♦ ❢♦✐ ♦ ✈í❝✐♦ ❞♦ ❥♦❣♦✳ ❉❡ ❢❛t♦✱ ❡♠ s✉❛ ❛✉t♦✲

❜✐♦❣r❛✜❛✱ ❉❡ ♣r♦♣r✐❛ ✈✐t❛✱ ❡❧❡ ❝♦♥❢❡ss❛ t❡r ❥♦❣❛❞♦ ❞✐❛r✐❛♠❡♥t❡✿ ①❛❞r❡③ ♣♦r ♠❛✐s ❞❡ q✉❛r❡♥t❛

❛♥♦s ❡ ❞❛❞♦s ♣♦r ♠❛✐s ❞❡ ✈✐♥t❡ ❝✐♥❝♦✳ ❉❡✈❡✲s❡ ❧❡✈❛r ❡♠ ❝♦♥t❛✱ ♣♦ré♠✱ q✉❡ ♥♦ sé❝✉❧♦ ❳❱■ ♦

❥♦❣♦ ❡r❛ ♦ ♣❛ss❛t❡♠♣♦ ❞♦♠✐♥❛♥t❡✳ ❊✱ ❝♦♠♦ s❡ ❥♦❣❛✈❛ ❛ ❞✐♥❤❡✐r♦✱ ✐♥✐❝✐♦✉✲s❡ ♥❡ss❛ ❛t✐✈✐❞❛❞❡

❛✐♥❞❛ ❡st✉❞❛♥t❡ ✉♥✐✈❡rs✐tár✐♦ ♣❛r❛ ♣r♦✈❡r s✉❛ ♠❛♥✉t❡♥çã♦✳ ✭❍❆❩❩❆◆✱ ✷✵✶✸✱ ♣✳ ✺✼✮

◆♦ sé❝✉❧♦ ❳❱■■✱ P✐❡rr❡ ❞❡ ❋❡r♠❛t ✭✶✻✵✶✲✶✻✻✺✮ ❢♦✐ ♦✉tr♦ q✉❡ ✉s✉❢r✉ír❛ ❞❛ ▼❛t❡♠át✐❝❛ ❡♠ s✉❛s

❤♦r❛s ✈❛❣❛s✱ ♣r♦✈❛ ❞✐ss♦ sã♦ s✉❛s r❡❧❡✈❛♥t❡s ❞❡s❝♦❜❡rt❛s ❡ ❝♦♥tr✐❜✉✐çõ❡s ❞❡♥tr♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠á✲

t✐❝♦✳ ◆♦ q✉❡ t❛♥❣❡ à ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ✈❛♠♦s ❝✐t❛r ♦ ❝❛s♦ ❡♠ q✉❡ ❡❧❡ ❞❡t❛❧❤♦✉ ❛s ❝❤❛♥❝❡s ♣♦ssí✈❡✐s

❡♥tr❡ ❞♦✐s ❥♦❣❛❞♦r❡s✳

❋❡r♠❛t ❞✐s❝✉t✐✉ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❥♦❣❛❞♦r ❆ ♣r❡❝✐s❛✈❛ ❞❡ ❞♦✐s ♣♦♥t♦s ♣❛r❛ ❣❛♥❤❛r ❡ ♦ ❥♦❣❛❞♦r
❇ ❞❡ ✸✳ ❊✐s ❛ s♦❧✉çã♦ ❞❡ ❋❡r♠❛t ♣❛r❛ ❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳ ❈♦♠♦ é ❝❧❛r♦ q✉❡ ♠❛✐s q✉❛tr♦
♣❛rt✐❞❛s ❞❡❝✐❞❡♠ ♦ ❥♦❣♦✱ s❡❥❛ ❛ ✉♠❛ ♣❛rt✐❞❛ ❣❛♥❤❛ ♣♦r ❆ ❡ s❡❥❛ ❜ ✉♠❛ ♣❛rt✐❞❛ ❣❛♥❤❛ ♣♦r ❇❀
❝♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ♦s ❞❡③❡ss❡✐s ❛rr❛♥❥♦s ❝♦♠♣❧❡t♦s✱ ❞❡ ♦r❞❡♠ ✹✱ ❞❛s ❧❡tr❛s ❛ ❡ ❜✿

❛❛❛❛ ❛❛❛❜ ❛❜❜❛ ❜❜❛❜
❜❛❛❛ ❜❜❛❛ ❛❜❛❜ ❜❛❜❜
❛❜❛❛ ❜❛❜❛ ❛❛❜❜ ❛❜❜❜
❛❛❜❛ ❜❛❛❜ ❜❜❜❛ ❜❜❜❜

♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❛♣❛r❡❝❡ ❞✉❛s ♦✉ ♠❛✐s ✈❡③❡s sã♦ ❢❛✈♦rá✈❡✐s ❛ ❆ ❡ ❤á ♦♥③❡ ❞❡❧❡s✳ ❖s ❝❛s♦s

❡♠ q✉❡ ❜ ❛♣❛r❡❝❡ três ♦✉ ♠❛✐s ✈❡③❡s sã♦ ❢❛✈♦rá✈❡✐s ❛ ❇ ❡ ❤á ❝✐♥❝♦ ❞❡❧❡s✳ ✭❊❱❊❙✱ ✷✵✵✹✱ ♣✳

✸✾✸✮

❯♠ ❝♦♥t❡♠♣♦râ♥❡♦ ❞❡ ❋❡r♠❛t✱ q✉❡ ♠❡r❡❝❡ ❣r❛♥❞❡ ❞❡st❛q✉❡ ♥❡ss❛ ár❡❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ é ❇❧❛✐s❡

P❛s❝❛❧ ✭✶✻✷✸ ✕ ✶✻✻✷✮ q✉❡ s❡ ❞❡st❛❝♦✉ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❡♥tr❡ ❡❧❛s✱ ❛ ❋✐❧♦s♦✜❛ ❡ ❛

▼❛t❡♠át✐❝❛✳ ❊❧❡ ♠♦str♦✉ q✉❡ ❛ s♦❧✉çã♦ ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛ ❞❡s❝r✐t♦ ♣♦r ❋❡r♠❛t ♣♦❞❡ s❡r ♦❜t✐❞❛ ❢❛③❡♥❞♦

✉s♦ ❞♦ s❡✉ tr✐â♥❣✉❧♦ ❛r✐t♠ét✐❝♦✳

◆♦ ❝❛s♦ ❣❡r❛❧✱ ❡♠ q✉❡ A ♣r❡❝✐s❛ ❞❡ m ♣♦♥t♦s ♣❛r❛ ❣❛♥❤❛r ❡ B ♣r❡❝✐s❛ ❞❡ n✱ ❡s❝♦❧❤❡✲s❡ ❛

(m + n)−és✐♠❛ ❞✐❛❣♦♥❛❧ ❞♦ tr✐â♥❣✉❧♦ ❞❡ P❛s❝❛❧✳ ❈❛❧❝✉❧❛✲s❡ ❡♥tã♦ ❛ s♦♠❛ α ❞♦s ♣r✐♠❡✐r♦s

n ♥ú♠❡r♦s ❞❛ ❞✐❛❣♦♥❛❧ ❝♦♥s✐❞❡r❛❞❛ ❡ ❛ s♦♠❛ β ❞❡ s❡✉s ú❧t✐♠♦s m ♥ú♠❡r♦s✳ ❊♥tã♦ ❞❡✈❡✲s❡

❞✐✈✐❞✐r ❛s ❛♣♦st❛s s❡❣✉♥❞♦ ❛ r❛③ã♦
α

β
✳ ✭❊❱❊❙✱ ✷✵✵✹✱ ♣✳ ✸✾✹✮

❉❡ ❢❛t♦✱ ❝♦♠♦ ♦ ❥♦❣❛❞♦r A ♥❡❝❡ss✐t❛ ❞❡ ❞♦✐s ♣♦♥t♦s ❡ ♦ B ❞❡ três✱ ♦❜s❡r✈❛♥❞♦ ❛ ✺➟ ❧✐♥❤❛ ❞♦

tr✐â♥❣✉❧♦ ❛r✐t♠ét✐❝♦ ❛ s❡❣✉✐r✱ ✈❡r❡♠♦s q✉❡ ❛ s♦♠❛ ❞❡ s❡✉s ❞♦✐s ♣r✐♠❡✐r♦s ❡❧❡♠❡♥t♦s é ✺ ❡ ❞❡ s❡✉s três

ú❧t✐♠♦s é ✶✶✱ ♦❜t❡♥❞♦ ❛ss✐♠✱ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ♣r♦♣♦st♦ ♣♦r ❋❡r♠❛t✳

✶

✶ ✶

✶ ✷ ✶

✶ ✸ ✸ ✶

✶ ✹ ✻ ✹ ✶

✶ ✺ ✶✵ ✶✵ ✺ ✶

. . .

P❛s❝❛❧ ❞❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦s ❡st✉❞♦s ❞❡ ❈❛r❞❛♥♦✱ ✐♥❝❧✉s✐✈❡ ❢❛③❡♥❞♦ ✉s♦ ❞♦ tr✐â♥❣✉❧♦ ❛r✐t♠ét✐❝♦✱

❝r✐❛❞♦ ❝❡r❝❛ ❞❡ ✻✵✵ ❛♥♦s ❛♥t❡s ❞❡ P❛s❝❛❧✱ ❞❡s❝♦❜r✐✉ ♣r♦♣r✐❡❞❛❞❡s ❞❡ss❡ tr✐â♥❣✉❧♦ tã♦ r❡❧❡✈❛♥t❡s q✉❡ ♣❛ss♦✉

❛ s❡r ❝❤❛♠❛❞♦ tr✐â♥❣✉❧♦ ❞❡ P❛s❝❛❧✳



❈❛♣ít✉❧♦ ✶✳ ❯▼ ❇❘❊❱❊ ❍■❙❚Ó❘■❈❖ ❙❖❇❘❊ ❆ ❖❘■●❊▼ ❉❆ ❆◆➪▲■❙❊ ❈❖▼❇■◆❆❚Ó❘■❆ ✶✺

❊♥q✉❛♥t♦ P❛s❝❛❧ ❡♠ ✶✻✺✹ tr❛❜❛❧❤❛✈❛ ❡♠ s✉❛ ❆s ❝ô♥✐❝❛s✱ s❡✉ ❛♠✐❣♦✱ ♦ ❈❤❡✈❛❧✐❡r ❞❡ ▼èrè✱

♣r♦♣ôs✲❧❤❡ q✉❡stõ❡s ❝♦♠♦ ❡st❛✿ ❡♠ ♦✐t♦ ❧❛♥❝❡s ❞❡ ✉♠ ❞❛❞♦ ✉♠ ❥♦❣❛❞♦r ❞❡✈❡ t❡♥t❛r ❧❛♥ç❛r

✉♠✱ ♠❛s ❞❡♣♦✐s ❞❡ três t❡♥t❛t✐✈❛s ✐♥❢r✉tí❢❡r❛s✱ ♦ ❥♦❣❛❞♦r é ✐♥t❡rr♦♠♣✐❞♦✳ ❈♦♠♦ ❞❡✈❡r✐❛ ❡❧❡ s❡r

✐♥❞❡♥✐③❛❞♦❄ P❛s❝❛❧ ❡s❝r❡✈❡✉ ❛ ❋❡r♠❛t s♦❜r❡ ✐st♦ ❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❡❧❡s ❢♦✐ ♦ ♣♦♥t♦ ❞❡

♣❛rt✐❞❛ r❡❛❧ ❞❛ ♠♦❞❡r♥❛ t❡♦r✐❛ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ❛s ✐❞❡✐❛s ❞❡ ❈❛r❞❛♥♦ ❞❡ ✉♠ sé❝✉❧♦ ❛♥t❡s

t❡♥❞♦ s✐❞♦ ❡sq✉❡❝✐❞❛s✳ ❊♠❜♦r❛ ♥❡♠ P❛s❝❛❧ ♥❡♠ ❋❡r♠❛t ❡s❝r❡✈❡ss❡♠ s❡✉s r❡s✉❧t❛❞♦s✱ ❍✉②❣❡♥s

❡♠ ✶✻✺✼ ♣✉❜❧✐❝♦✉ ✉♠ ♣❡q✉❡♥♦ ❢♦❧❤❡t♦✳ ❉❡ r❛t✐♦❝✐♥✐✐s ✐♥ ❧✉❞♦ ❛❧❡❛❡ ✭❙♦❜r❡ ♦ r❛❝✐♦❝í♥✐♦ ❡♠

❥♦❣♦s ❞❡ ❞❛❞♦s✮ q✉❡ ❢♦✐ ❡st✐♠✉❧❛❞❛ ♣❡❧❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ❢r❛♥❝❡s❡s✳ ✭❇❖❨❊❘✱ ✶✾✼✹✱

♣✳ ✷✻✺✮

❖ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ ❞♦ ✜❧ós♦❢♦ ❡ ♠❛t❡♠át✐❝♦ ❛❧❡♠ã♦ ●♦tt❢r✐❡❞ ❲✐❧❤❡❧♠ ▲❡✐❜♥✐③ ✭✶✻✹✻✲✶✼✶✻✮ ❢♦✐

✉♠❛ t❡s❡ ❡♠ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❡♠ ✶✻✻✻ ✐♥t✐t✉❧❛❞❛ ❉✐ss❡rt❛t✐♦ ❞❡ ❆rt❡ ❈♦♠❜✐♥❛tór✐❛✱ t✐♥❤❛ ❝♦♠♦

♦❜❥❡t✐✈♦ ❛ ❝r✐❛çã♦ ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ✉♥✐✈❡rs❛❧ s✐♠♣❧❡s✱ q✉❡ ❢❛❝✐❧✐t❛r✐❛ ❛ ❝♦♠✉♥✐❝❛çã♦ ❡♥tr❡ ❛s ♣❡ss♦❛s

t♦r♥❛♥❞♦✲❛s ♠❛✐s ❢❡❧✐③❡s✳

◆♦ sé❝✉❧♦ s❡❣✉✐♥t❡ ♦✉tr♦ ❣r❛♥❞❡ ♠❛t❡♠át✐❝♦ q✉❡ t❛♠❜é♠ ❢♦✐ ❡♥✈♦❧✈✐❞♦ ♣♦r ❡ss❛ ár❡❛ ❞❡ ❝♦♥❤❡✲

❝✐♠❡♥t♦ ❢♦✐ ▲❡♦♥❤❛r❞ ❊✉❧❡r ✭✶✼✵✼✲✶✼✽✸✮✱ ♦♥❞❡ ❡❧❡ ❛♣r❡s❡♥t❛ ❡♠ ❛❧❣✉♠❛s ❞❡ s✉❛s ♦❜r❛s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦

Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡♥tr♦ ❞♦ ❡st✉❞♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❝♦♠♦ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♥❛ ❝✐t❛çã♦ ❛ s❡❣✉✐r✳

❙❡❣✉♥❞♦ ♦s ❝á❧❝✉❧♦s ❞❡ ❊✉❧❡r✱ ♣✉❜❧✐❝❛❞♦s ♥❛s ▼❡♠ór✐❛s ❞❛ ❆❝❛❞❡♠✐❛ ❞❡ ❇❡r❧✐♠ ♣❛r❛ ✶✼✺✶✱
✉♠ ♣❛❣❛♠❡♥t♦ ❞❡ ✸✺✵ ❝♦r♦❛s ❞❡✈❡r✐❛ ❝♦♠♣r❛r ♣❛r❛ ✉♠ r❡❝é♠✲♥❛s❝✐❞♦ ✉♠❛ ❛♥✉✐❞❛❞❡ ❞❡ ✶✵✵
❝♦r♦❛s ❛ ❝♦♠❡ç❛r ❞♦s ✈✐♥t❡ ❛♥♦s ❡ ❝♦♥t✐♥✉❛♥❞♦ ♣❡❧♦ r❡st♦ ❞❛ ✈✐❞❛✳ ❊♥tr❡ ♦s ♣r♦❜❧❡♠❛s ❞❡
❧♦t❡r✐❛ q✉❡ ❡❧❡ ♣✉❜❧✐❝♦✉ ♥❛ ♠❡s♠❛ r❡✈✐st❛ ❞♦ ❛♥♦ ❞❡ ✶✼✻✺✱ ♦ s❡❣✉✐♥t❡ é ♦ ♠❛✐s s✐♠♣❧❡s✳
❙✉♣♦♥❤❛ q✉❡ n ❜✐❧❤❡t❡s sã♦ ♥✉♠❡r❛❞♦s ❝♦♥s❡❝✉t✐✈❛♠❡♥t❡ ❞❡ ✶ ❛ n ❡ q✉❡ três ❜✐❧❤❡t❡s sã♦
t✐r❛❞♦s ❛♦ ❛❝❛s♦✳ ❊♥tã♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ três ♥ú♠❡r♦s ❝♦♥s❡❝✉t✐✈♦s s❡❥❛s t✐r❛❞♦s é

2 · 3

n(n− 1)
.

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ❞♦✐s ♥ú♠❡r♦s ❝♦♥s❡❝✉t✐✈♦s ✭♠❛s ♥ã♦ três✮ s❡❥❛♠ t✐r❛❞♦s é

2 · 3(n− 3)

n(n− 1)
.

❊ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ♥ã♦ s❡❥❛♠ t✐r❛❞♦s ♥ú♠❡r♦s ❝♦♥s❡❝✉t✐✈♦s é

(n− 3)(n− 4)

n(n− 1)
.

P❛r❛ ❛ s♦❧✉çã♦ ♥ã♦ sã♦ ♥❡❝❡ssár✐♦s ❝♦♥❝❡✐t♦s ♥♦✈♦s✱ ♠❛s✱ ❝♦♠♦ ❡r❛ ❞❡ s❡ ♣r❡✈❡r✱ ❊✉❧❡r
❛q✉✐ ❝♦♥tr✐❜✉✐✉ ❝♦♠ ♥♦t❛çõ❡s✱ ❝♦♠♦ ✜③❡r❛ ❝♦♠ ♦✉tr♦s ❛ss✉♥t♦s✳ ❊s❝r❡✈❡✉ q✉❡ ❛❝❤❛✈❛ út✐❧
r❡♣r❡s❡♥t❛r ❛ ❡①♣r❡ssã♦

p · (p− 1) . . . (p− q + 1)

1 · 2 . . . q
.

P♦r
õ

p

q

û

.

❖ q✉❡ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦t❛çã♦ ♠♦❞❡r♥❛
Äp

q

ä

.

✭❇❖❨❊❘✱ ✶✾✼✹✱ ♣✳ ✸✸✹✮

❉✐❛♥t❡ ❞♦ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛s ♥❡❝❡ss✐❞❛❞❡s ❞❡ ❝♦♠♣r❡❡♥❞❡r ❡ ❞❡t❡r♠✐♥❛r

♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♠ ❥♦❣♦s ❞❡ ❛③❛r✱ ❝♦♥tr✐❜✉ír❛♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦♠ ♦ s✉r❣✐♠❡♥t♦ ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛✲

tór✐❛✳ ❆ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❡①✐st❡♥t❡s ♥❡ss❡s ❥♦❣♦s ✐♥❝❡♥t✐✈♦✉ ♦ ❡st✉❞♦

❞♦s ♠ét♦❞♦s ❞❡ ❝♦♥t❛❣❡♠✱ ♦s q✉❛✐s ♣❡r♠✐t❛♠ ❝♦♥t❛r ❞❡ ✉♠❛ ❢♦r♠❛ ✐♥❞✐r❡t❛ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡

✉♠ ❝♦♥❥✉♥t♦✱ ❡st❛♥❞♦ ❡ss❡s ❡❧❡♠❡♥t♦s ❛❣r✉♣❛❞♦s s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳ ❉❡♥tr❡ ✉♠ ❞❡ss❡s ♠ét♦❞♦s é ♦

Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✱ ♦ q✉❛❧ tr❛❜❛❧❤❛r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳



✶✻

✷✳ ❊❱■❉❊◆❈■❆◆❉❖ ❖ P❘■◆❈❮P■❖ ❋❯◆❉❆✲

▼❊◆❚❆▲ ❉❆ ❈❖◆❚❆●❊▼

❊st❡ ❝❛♣ít✉❧♦ é ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❡t♦❞♦❧ó❣✐❝❛ q✉❡ ❝♦♥s✐st❡ ♥✉♠❛ s✉❣❡stã♦ q✉❡ ✈✐s❛ ❛♠❡♥✐③❛r ❛s

❞✐✜❝✉❧❞❛❞❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ ♣r♦❝❡ss♦ ❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ♥♦ ❊♥s✐♥♦ ▼é❞✐♦✳

❯t✐❧✐③❛♠♦s ❡str❛té❣✐❛s✱ ❝♦♥❝❡✐t♦s ❡ ♣r♦❝❡❞✐♠❡♥t♦s q✉❡ ✈✐s❛♠ ❝♦♥tr✐❜✉✐r ❝♦♠ ❛ ❢♦r♠❛çã♦ ❝♦❣♥✐t✐✈❛ ❞♦

❡st✉❞❛♥t❡✱ tr❛t❛♥❞♦✲♦s ❝♦♠♦ s❡r❡s ♣❡♥s❛♥t❡s ❝❛♣❛③❡s ❞❡ ❝♦♠♣r❡❡♥❞❡r ❡ ❝r✐❛r ❡str❛té❣✐❛s ❞❡ r❡s♦❧✉çã♦

♣❛r❛ ♣r♦❜❧❡♠❛s ❞✐✈❡rs♦s✳

◗✉❛♥t♦ ❛♦ ♣r♦❝❡ss♦ ❞❡ r❡s♦❧✉çã♦ ❞❛s q✉❡stõ❡s ♠❡♥❝✐♦♥❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✱ ♦r❣❛♥✐③❛♠♦s

❡ r❡s♣❡✐t❛♠♦s ❛s ❡t❛♣❛s ❞❡ r❡s♦❧✉çã♦ ❞❡ ❝❛❞❛ ✉♠❛✱ ❛❜❞✐❝❛♥❞♦✲s❡ ❞❛s r❡❣r❛s ♣r♦♥t❛s✱ ♣r✐♠❛♥❞♦ ♣❡❧❛

❝♦♠♣r❡❡♥sã♦ ❞❡ ❝❛❞❛ q✉❡stã♦ ♣r♦♣♦st❛ ❡ ♣❡❧♦ ❝♦♥❝❡✐t♦ ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✳

❆♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❡ ❛ ❞❡❞✉çã♦ ❞❛s

r❡❣r❛s ❞❡ s❡✉s ♣r✐♥❝✐♣❛✐s ❝❛s♦s✳ ❈✐❡♥t❡ q✉❡ ♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ✭r❡❣r❛s✮ tê♠ s✉❛ ✐♠♣♦rtâ♥❝✐❛ ❡ ♣r❛t✐✲

❝✐❞❛❞❡ ♥♦ ♠♦♠❡♥t♦ ❞❡ r❡s♦❧✈❡r ♠✉✐t♦s ♣r♦❜❧❡♠❛s✱ ♣♦ré♠ ♠❡♠♦r✐③á✲❧♦s ♥ã♦ é ❣❛r❛♥t✐❛ ❞❡ q✉❡ s❛❜❡r❡♠♦s

r❡s♦❧✈❡r q✉❡stõ❡s✱ ♠❡♥♦s ❛✐♥❞❛ ❞❡ ❝♦♠♣r❡❡♥❞ê✲❧❛s✳

✷✳✶✳ P❘■◆❈❮P■❖ ❋❯◆❉❆▼❊◆❚❆▲ ❉❆ ❈❖◆❚❆●❊▼

❆ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ é ♦ r❛♠♦ ❞❛ ▼❛t❡♠át✐❝❛ q✉❡ ❡st✉❞❛ ❡ ❛♣r❡s❡♥t❛ ♠ét♦❞♦s r✐❣♦r♦s♦s ♣❛r❛

s❡ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ✉♠ ❡✈❡♥t♦ ❛❝♦♥t❡❝❡r✳ ❈♦♠♦ ❞❡✜♥❡ ❙❛♠✉❡❧ ❍❛③③❛♥✱ ✭✷✵✶✸✱

♣✳✶✮ ✏❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ✈✐s❛ ❞❡s❡♥✈♦❧✈❡r ♠ét♦❞♦s q✉❡ ♣❡r♠✐t❛♠ ❝♦♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡

✉♠ ❝♦♥❥✉♥t♦✱ s❡♥❞♦ ❡st❡s ❡❧❡♠❡♥t♦s✱ ❛❣r✉♣❛♠❡♥t♦s ❢♦r♠❛❞♦s s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳✑ ❚❛✐s ♠ét♦❞♦s ♥♦s

❛✉①✐❧✐❛♠ ♠✉✐t♦ ♥♦s ❝á❧❝✉❧♦s ❞❡ ❣r❛♥❞❡s ♣r♦♣♦rçõ❡s✳

❯♠ ❞❡ss❡s ♠ét♦❞♦s é ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ✭P❋❈✮✱ ❝♦♥❤❡❝✐♠❡♥t♦ ✐♠♣r❡s❝✐♥✲

❞í✈❡❧ ❛♦ ♣r♦ss❡❣✉✐♠❡♥t♦ ❞♦ ❡st✉❞♦ ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ❝♦♠ ❡❧❡ é ♣♦ssí✈❡❧ r❡s♦❧✈❡r ✈ár✐♦s t✐♣♦s ❞❡

♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦ ❡ ❡♠ ♣r♦✈❛s ❞❡ ❞✐✈❡rs♦s ❝♦♥❝✉rs♦s ♣ú❜❧✐❝♦s✳

◆♦ss♦ ❢♦❝♦ ❞❡ ❡st✉❞♦ s❡rá ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❡ ❛❧❣✉♥s ❝❛s♦s q✉❡ s✉r❣❡♠ ❝♦♠♦

❝♦♥s❡q✉ê♥❝✐❛✱ t❛✐s ❝♦♠♦✿ ❋❛t♦r✐❛❧❀ P❡r♠✉t❛çõ❡s❀ ❆rr❛♥❥♦s❀ ❈♦♠❜✐♥❛çõ❡s❀ ❡ ♦ ♣r♦❝❡ss♦ ♣❛r❛ s❡ ❞❡t❡r♠✐♥❛r

♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s ❞❡ ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r✳

◆♦ ♥♦ss♦ ❞✐❛ ❛ ❞✐❛ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❡♠ ❞✐✈❡rs❛s

s✐t✉❛çõ❡s✱ ❝♦♠♦✿

❼ ❙❛❜❡r q✉❛♥t❛s ♣❧❛❝❛s ❞❡ ♠♦t♦❝✐❝❧❡t❛ ❛✉♠❡♥t❛rá s✉❜st✐t✉✐♥❞♦ ♦ ♠♦❞❡❧♦ ❛♥t✐❣♦ q✉❡ ♣♦ss✉í❛ ✸ ❧❡tr❛s

❡ ✹ ❛❧❣❛r✐s♠♦s ♣❡❧♦ s✐st❡♠❛ ❛t✉❛❧ ❞♦ ▼❡r❝♦s✉❧ q✉❡ ❛♣r❡s❡♥t❛ ✹ ❧❡tr❛s ❡ ✸ ♥ú♠❡r♦s✱ ♥♦ss♦ tr❛❜❛❧❤♦

❞✐♠✐♥✉✐rá ♠✉✐t♦ s❡ ✜③❡r♠♦s ✉s♦ ❞♦s ♠ét♦❞♦s ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✳

❼ ❖✉tr❛ s✐t✉❛çã♦ ❝♦♠✉♠ é ♥♦ t♦❝❛♥t❡ ❛ ✈❡st✐♠❡♥t❛s✱ ❛♦ ♣❡r❝❡❜❡r ❞❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s é

♣♦ssí✈❡❧ ❞❡ s❡ ❝♦♠♣♦r ✉♠ ❧♦♦❦ ✉t✐❧✐③❛♥❞♦ ♦s ✐t❡♥s q✉❡ t❡♠ à ❞✐s♣♦s✐çã♦✳

❱❡❥❛♠♦s ❡♠ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r✿ ✐♠❛❣✐♥❡♠♦s q✉❡ ✉♠❛ ♠✉❧❤❡r ♣♦ss✉✐ s❡✐s ❝❛❧ç❛s✱ s❡t❡ s❤♦rts✱ três

s✉t✐ãs✱ ♦✐t♦ ❜❧✉s❛s✱ ❝✐♥❝♦ ✈❡st✐❞♦s ❡ q✉❛tr♦ ♣❛r❡s ❞❡ ❝❛❧ç❛❞♦s✳ ❙❛❜❡♥❞♦ q✉❡ ♦ ✉s♦ ❞❡ s❤♦rt ❞✐s♣❡♥s❛ ❝❛❧ç❛

❡ ✈❡st✐❞♦❀ ♦ ❞❡ ✈❡st✐❞♦ ❞✐s♣❡♥s❛ ❝❛❧ç❛✱ s❤♦rt ❡ ❜❧✉s❛❀ ❡ q✉❡ ♦ ❞❡ ❝❛❧ç❛ ❞✐s♣❡♥s❛ s❤♦rt ❡ ✈❡st✐❞♦✳ ❉❡ q✉❛♥t♦s

♠♦❞♦s ❞✐❢❡r❡♥t❡s ❡❧❛ ♣♦❞❡rá s❡ ✈❡st✐r❄ ❊ss❡s ❡ ✐♥ú♠❡r♦s ♦✉tr♦s ♣r♦❜❧❡♠❛s✱ ❞♦ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ ♦✉ ♥ã♦✱

♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s ♣♦r ♠❡✐♦ ❞♦s ♠ét♦❞♦s ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✳
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❚r❛❜❛❧❤❛♠♦s ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ♥♦ ♥í✈❡❧ q✉❡ é ❛❜♦r❞❛❞♦ ♥♦ ❊♥s✐♥♦ ▼é✲

❞✐♦ ❡ q✉❡ é ❡①✐❣✐❞♦ ❡♠ ❝♦♥❝✉rs♦s ♣ú❜❧✐❝♦s✱ ❞❡t❛❧❤❛♥❞♦ ❡ ❛♣❧✐❝❛♥❞♦ ❋❛t♦r✐❛❧✱ ❆rr❛♥❥♦s✱ P❡r♠✉t❛çõ❡s ❡

❈♦♠❜✐♥❛çõ❡s✳

❆♥t❡s ❞❡ ❞❡✜♥✐r ♦ P❋❈ ✈❛♠♦s ❡①❡♠♣❧✐✜❝á✲❧♦ ♣❛rt✐♥❞♦ ❞❡ s✐t✉❛çõ❡s ❞♦ ❝♦t✐❞✐❛♥♦✱ ❛ ✜♠ ❞❡ ❡♥r✐✲

q✉❡❝❡r ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦✳

❙✐t✉❛çã♦ ✶✳ ■♠❛❣✐♥❡ q✉❡ ✉♠❛ ♣❡ss♦❛ t❡♥❤❛ ❞♦✐s s❤♦rts ❡ três ❜❧✉s❛s✱ ♣r♦♣♦♠♦s ♦s s❡❣✉✐♥t❡s q✉❡st✐♦♥❛✲

♠❡♥t♦s✿

✶✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s ❡ss❛ ♣❡ss♦❛ ♣♦❞❡rá ❡s❝♦❧❤❡r ✉♠ ❞❡ss❡s s❤♦rts ♦✉ ✉♠❛ ❞❡ss❛s ❜❧✉s❛s❄

✷✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s ❞✐st✐♥t♦s ❡ss❛ ♣❡ss♦❛ ♣♦❞❡rá s❡ ✈❡st✐r ✉s❛♥❞♦ ✉♠ ❞❡ss❡s s❤♦rts ❡ ✉♠❛ ❞❡ss❛s

❜❧✉s❛s❄

❊ss❛s ♣❡r❣✉♥t❛s ♥♦s ❛❥✉❞❛♠ ❡①♣r❡ss❛r ❞♦✐s ♣r✐♥❝í♣✐♦s q✉❡ sã♦ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦

❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ♦ ❛❞✐t✐✈♦ ❡ ♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s S = {s1, s2}✱ ❝♦♥❥✉♥t♦ ❞♦s s❤♦rts✱ B = {b1, b2, b3}✱ ❞❛s ❜❧✉s❛s✱ ♣❛r❛

r❡s♣♦♥❞❡r ❛s q✉❡stõ❡s ♣r♦♣♦st❛s ♣❡❧❛ ❙✐t✉❛çã♦ ✶✳

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ q✉❡st✐♦♥❛♠❡♥t♦✱ t❛✐s ❡s❝♦❧❤❛s sã♦ ❡✈❡♥t♦s ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉s✐✈♦s✶✱

❡♠ q✉❡ ❤á ❛ ♣r❡s❡♥ç❛ ❞♦ ❝♦♥❡❝t✐✈♦ ♦✉✳ ■st♦ é✱ ❛ ♣❡ss♦❛ ✐rá ❡s❝♦❧❤❡r ✉♠ si ♦✉ ✉♠ bj ♣♦❞❡♥❞♦ s❡r✿

s1, s2, b1, b2 ♦✉ b3 t♦t❛❧✐③❛♥❞♦ ❝✐♥❝♦ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ ❡s❝♦❧❤❛✱ ♦✉ s❡❥❛✱ 2 + 3.

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ ♣r✐♥❝í♣✐♦ ❛ s❡❣✉✐r✿

Pr♦♣♦s✐çã♦ ✶✳ ✭Pr✐♥❝í♣✐♦ ❆❞✐t✐✈♦✮ ❙❡ ♦s ❝♦♥❥✉♥t♦s S ❡ B✱ ❝♦♠ m ❡ n ❡❧❡♠❡♥t♦s✱ sã♦ ❞✐s❥✉♥t♦s✱ ❡♥tã♦

♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ S ∪B é ❞❛❞♦ ♣♦r

m+ n.

❆ ❞❡♠♦♥str❛çã♦✱ ❛ s❡❣✉✐r✱ ❢♦✐ ❜❛s❡❛❞❛ ❡♠ ❍❛③③❛♥ ✭✷✵✶✸✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦s ❝♦♥❥✉♥t♦s S = {s1, s2, s3, . . . , sm} ❡ B = {b1, b2, b3, . . . , bn}✱ ❤á m ♠❛♥❡✐r❛s

❞✐st✐♥t❛s ❞❡ ♦❝♦rr❡r ✉♠ si ❡ n ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ ♦❝♦rr❡r ✉♠ ❡✈❡♥t♦ bj ❝♦♠ si ̸= bj ✳ ❊♥tã♦ S ∪ B

♣♦ss✉✐ m+ n ❡❧❡♠❡♥t♦s✳

●❡♥❡r❛❧✐③❛♥❞♦✱ t❡♠♦s q✉❡✱ s❡ ✉♠ ❝♦♥❥✉♥t♦ S ♣♦ss✉✐ m ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❡ ✉♠ ❝♦♥❥✉♥t♦ B✱ n

❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s✱ ✐♠♣❧✐❝❛ q✉❡✱ ♣❛r❛ s❡ ❡s❝♦❧❤❡r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ S ♦✉ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ B✱ t❡r❡♠♦s m+n

♣♦ss✐❜✐❧✐❞❛❞❡s ❞✐st✐♥t❛s✳ ■

P❛r❛ ♦ q✉❡st✐♦♥❛♠❡♥t♦ ✷✱ ❞❛ ❙✐t✉❛çã♦ ✶✱ t❡♠♦s ❞✉❛s ❡s❝♦❧❤❛s ♣❛r❛ ♦ s❤♦rt ❡ três ♣❛r❛ ❛ ❜❧✉s❛✱ ❛s✲

s✐♠ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❢♦r♠❛r ✉♠ ❧♦♦❦ ❝♦♠ ❡ss❡s ❛❝❡ssór✐♦s✿ s1b1, s1b2, s1b3, s2b1, s2b2
❡ s2b3✱ t♦t❛❧✐③❛♥❞♦ s❡✐s ❡s❝♦❧❤❛s ❞✐st✐♥t❛s ❞❡ s❡ ✈❡st✐r✳

❖❜s❡r✈❡ q✉❡✱ ♥❡ss❡ ❝❛s♦✱ ❛ ❡s❝♦❧❤❛ ❞♦s ❞♦✐s ❡❧❡♠❡♥t♦s ❡stá ✐♥t❡r❧✐❣❛❞❛ ♣❡❧♦ ❝♦♥❡❝t✐✈♦ ❡ s❡♥❞♦ ✉♠

❡❧❡♠❡♥t♦ ❞❡ ❝❛❞❛ ❝♦♥❥✉♥t♦✱ ✉♠ si ❡ ✉♠ bj ✱ ♣❡r❝❡❜❛ q✉❡ ♣❛r❛ ❝❛❞❛ s❤♦rt ❤❛✈❡rá três ❜❧✉s❛s✿

s1b1, s1b2, s1b3 ❡ s2b1, s2b2, s2b3

t♦t❛❧✐③❛♥❞♦ s❡✐s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ s❡ ✈❡st✐r✱ ♦✉ s❡❥❛✱ 2× 3.

P♦❞❡♠♦s ❡✈✐❞❡♥❝✐❛r ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦ssí✈❡✐s ♥♦ ❞✐❛❣r❛♠❛ ❞❡ ár✈♦r❡ ✷✱ ❝♦♠♦

♠♦str❛ ❛ ❋✐❣✉r❛ ✷✳✶✳

✶❊✈❡♥t♦s ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉s✐✈♦s sã♦ ❡✈❡♥t♦s q✉❡ ♥ã♦ ♣♦❞❡♠ ♦❝♦rr❡r ❞❡ ❢♦r♠❛ s✐♠✉❧tâ♥❡❛✳
✷✏❖ ❉✐❛❣r❛♠❛ ❞❡ ➪r✈♦r❡ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♣❛r❛ ✈✐s✉❛❧✐③❛r ❛ ❡str✉t✉r❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛✱ ♣❧❛♥❡❥❛♠❡♥t♦ ♦✉ ❞❡

q✉❛❧q✉❡r ♦✉tr❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ✐♥t❡r❡ss❡✳ ❊ss❡ ❞✐❛❣r❛♠❛ é ❛ss✐♠ ❞❡♥♦♠✐♥❛❞♦✱ ♣♦✐s✱ q✉❛♥❞♦ ❝♦♠♣❧❡t♦✱ ♣♦❞❡ ❧❡♠❜r❛r ♦s
❣❛❧❤♦s ❞❡ ✉♠❛ ár✈♦r❡✑✳ ✭❙❆◆❚❖❙✱ ✷✵✶✼✮
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❋✐❣✉r❛ ✷✳✶✿ ▼❛♥❡✐r❛s ❞❡ s❡ ✈❡st✐r ♣♦ss✉✐♥❞♦ ❛ ❞✐s♣♦s✐çã♦ ✷ s❤♦rts ❡ ✸ ❜❧✉s❛s✳

❋♦♥t❡✿ ❖ ❛✉t♦r✳

❆ss✐♠✱ ✈❡❥❛♠♦s ♦ ▲❡♠❛ ✷✳✶ q✉❡ ♠♦str❛ ❝♦♠ ❣❡♥❡r❛❧✐❞❛❞❡ ❛ s✐t✉❛çã♦ ❛❜♦r❞❛❞❛ ❛❝✐♠❛✳

▲❡♠❛ ✷✳✶✳ ❙❡❥❛♠ ♦s ❝♦♥❥✉♥t♦s S = {s1, s2, s3, . . . , sm} ❡ B = {b1, b2, b3, . . . , bn}✱ ✜♥✐t♦s ❡ ♥ã♦ ✈❛③✐♦s✳

❊♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛r❡s (si, bj) ♣♦ssí✈❡✐s ❝♦♠ si ∈ S ❡ bj ∈ B é ❞❛❞♦ ♣♦r✿

m× n.

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s ♦ ❡❧❡♠❡♥t♦ ❞❡ S ❝♦♠♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞♦ ♣❛r ❡✱ ❢❛ç❛♠♦s ✈❛r✐❛r ♦s ❞❡ B

❝♦♠♦ s❡❣✉♥❞♦ ❡❧❡♠❡♥t♦✱ ❞❛í t❡♠♦s✿







(s1, b1), (s1, b2), (s1, b3), . . . , (s1, bn)

(s2, b1), (s2, b2), (s2, b3), . . . , (s2, bn)

(s3, b1), (s3, b2), (s3, b3), . . . , (s3, bn)
✳✳✳

(sm, b1), (sm, b2), (sm, b3), . . . , (sm, bn)

❚♦t❛❧✐③❛♥❞♦ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s✱ ❧♦❣♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s é ❞❛❞♦

♣❡❧♦ ♣r♦❞✉t♦ m× n✳

❚❛♠❜é♠ ♣♦❞❡♠♦s ✈✐s✉❛❧✐③❛r ❡ r❡♣r❡s❡♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦ssí✈❡✐s ❛tr❛✈és ❞♦ ❞✐❛✲

❣r❛♠❛ ❞❡ ár✈♦r❡✱ ✈❡r ❋✐❣✉r❛ ✷✳✷✳
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❋✐❣✉r❛ ✷✳✷✿ P♦ss✐❜✐❧✐❞❛❞❡s ♣♦ssí✈❡✐s ❞♦s ♣❛r❡s ♦r❞❡♥❛❞♦s✳

❋♦♥t❡✿ ❖ ❛✉t♦r✳

■

❆♥❛❧✐s❡♠♦s ❛ s❡❣✉✐♥t❡ s✐t✉❛çã♦ ❤✐♣♦tét✐❝❛ ❡♥✈♦❧✈❡♥❞♦ três ❝♦♥❥✉♥t♦s✱ ♣❛r❛ ❡♠ s❡❣✉✐❞❛ ❢✉♥❞❛♠❡♥✲

t❛r♠♦s ❡ ❡st❡♥❞❡r♠♦s ♦ P❋❈ ♣❛r❛ ♠❛✐s ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s✳

❙✐t✉❛çã♦ ✷✳ ❘í❝❝✐❛ ❞❡s❡❥❛ ❢❛③❡r ✉♠ ❧❛♥❝❤❡ ❝♦♠♣♦st♦ ♣♦r ✉♠ ♣❛st❡❧✱ ✉♠ ❡♥r♦❧❛❞✐♥❤♦ ❡ ✉♠ s✉❝♦✱ s❡♥❞♦

q✉❡ ❤á ♣❛sté✐s ❞❡ ♣✐③③❛ ❡ ❞❡ ❢r❛♥❣♦❀ ❡♥r♦❧❛❞✐♥❤♦s ❞❡ q✉❡✐❥♦ ❡ ❞❡ s❛❧s✐❝❤❛❀ s✉❝♦s ❞❡ ❧❛r❛♥❥❛✱ ❝❛❥á ❡ ❞❡

❣r❛✈✐♦❧❛✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❡❧❛ ♣♦❞❡ ❡s❝♦❧❤❡r s❡✉ ❧❛♥❝❤❡❄

❙♦❧✉çã♦✿ ❙❡❥❛♠ P = {f, p} ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣❛sté✐s ✭P ✮✱ ❞❡ ❢r❛♥❣♦ ✭f✮ ❡ ❞❡ ♣✐③③❛ ✭p✮❀

E = {q, s} ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ❡♥r♦❧❛❞✐♥❤♦s ✭E✮✱ ❞❡ q✉❡✐❥♦ ✭q✮ ❡ ❞❡ s❛❧s✐❝❤❛ ✭s✮✱ ❡ S = {l, c, g}

❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s s✉❝♦s ✭S✮✱ ❞❡ ❧❛r❛♥❥❛ ✭l✮✱ ❞❡ ❝❛❥á ✭c✮ ❡ ❞❡ ❣r❛✈✐♦❧❛ ✭g✮✳

◆❡ss❡ ❝❛s♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❝♦♠♣♦s✐çã♦ ❞♦ ❧❛♥❝❤❡✿







(f, l, q), (f, l, s),

(f, c, q), (f, c, s),

(f, g, q), (f, g, s),

(p, l, q), (p, l, s),

(p, c, q), (p, c, s),

(p, g, q), (p, g, s).

❚♦t❛❧✐③❛♥❞♦ ❞♦③❡ ♠♦❞♦s ❞❡ ❡s❝♦❧❤❡r ✉♠ ❧❛♥❝❤❡✱ ✐st♦ é✱ 2× 2× 3✳ □

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✱ ♦❜s❡r✈❡✱ ❛tr❛✈és ❞❛s s✐t✉❛çõ❡s

s✉♣r❛❝✐t❛❞❛s✱ q✉❡ ❛♦ ❛♣❧✐❝❛r♠♦s ❡st❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛s q✉❡ ♣♦❞❡♠ s❡r ❢♦r♠❛❞❛s

❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞✐s♣♦♥í✈❡✐s ❞♦ ❝♦♥❥✉♥t♦✳ ❆ ✜♠ ❞❡ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ P❋❈✱

❞✐✈✐❞✐♠♦s✲♦ ❡♠ ❞✉❛s ♣❛rt❡s✿ ❛ ♣r✐♠❡✐r❛ ♠♦str❛ ❛ r❡❧❛çã♦ ❞❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❛ ❡s❝♦❧❤❛ ❞♦s ❡❧❡♠❡♥t♦s✱

❡♥q✉❛♥t♦ ♦ s❡❣✉♥❞♦ ❛♣r❡s❡♥t❛ ❛ r❡❧❛çã♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❛s ❡s❝♦❧❤❛s ❞♦s ❡❧❡♠❡♥t♦s ♥❛ ❝♦♠♣♦s✐çã♦

❞❛s s❡q✉ê♥❝✐❛s✳

Pr♦♣♦s✐çã♦ ✷✳ ✭Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ♦✉ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ✲ ✶➟ ♣❛rt❡✮

❈♦♥s✐❞❡r❡ ♦s ❝♦♥❥✉♥t♦s S1, S2, S3, · · · , Sm✱ ♦s q✉❛✐s ♣♦ss✉❡♠ n1, n2, n3, · · · , nm ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❡♠
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❝❛❞❛ ❝♦♥❥✉♥t♦ Si✱ ❝♦♠ 1 ≤ i ≤ m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛s ♣♦ssí✈❡✐s ❢♦r♠❛❞♦s ♣♦r

❡ss❡s ❡❧❡♠❡♥t♦s é

n1 · n2 · n3 · . . . · nm.

❉❡♠♦♥str❛çã♦✳ ❋❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ P❋❈ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ❋✐♥✐t❛✳

P❛r❛ m = 2✱ t❡♠♦s n1 · n2✱ ❛ss✐♠ ♣❡❧♦ ▲❡♠❛ ✷✳✶✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ❛ r❡❧❛çã♦ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ ♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ (m−1) ❡ ♣r♦✈❡♠♦s q✉❡ é ✈á❧✐❞❛ ♣❛r❛

♦ ✐♥t❡✐r♦ m✳ P❛r❛ (m − 1) t♦♠❡♠♦s ❛s s❡q✉ê♥❝✐❛s ❞❡ (m − 1) ❡❧❡♠❡♥t♦s (ai, bj , . . . , wk)✱ ♦♥❞❡ ai ∈ S1✱

bj ∈ S2✱ . . .✱ wk ∈ Sm−1✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡ ❡①✐st❡♠ n1 · n2 · n3 · . . . · nm−1 s❡q✉ê♥❝✐❛s

♣♦ssí✈❡✐s ❢♦r♠❛❞❛s ♣❡❧♦s ❡❧❡♠❡♥t♦s (ai, bj , . . . , wk) ❡ nm ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ❝♦♥❥✉♥t♦ Sm✳

❖❜s❡r✈❡ q✉❡✱ ❝❛❞❛ s❡q✉ê♥❝✐❛ (ai, bj , . . . , wk, zp) ❝♦♥s✐st❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ai, bj , . . . , wk) ❡ ✉♠ ❡❧❡♠❡♥t♦

zp ❞❡ Sm✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✱ ♦ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛s ❢♦r♠❛❞❛s ♣❡❧♦s ❡❧❡♠❡♥t♦s (ai, bj , . . . , wk, zp) é

(n1 · n2 · n3 · . . . · nm−1) · nm = n1 · n2 · n3 · . . . · nm−1 · nm.

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ❋✐♥✐t❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ♣r♦♣♦s✐çã♦ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ m

♥❛t✉r❛❧ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✷✳ ■

❊①✐st❡♠ q✉❡stõ❡s ❝♦♠ ❛ ✐❞❡✐❛ ❞❡ ♣❛r ♦r❞❡♥❛❞♦ q✉❡ r❡♠❡t❡♠ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡

s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ q✉❡ s❛t✐s❢❛③❡♠ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳ ❈♦♠♦ ❛ s✐t✉❛çã♦ ✸ q✉❡ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ❡♠ ❛❧❣✉♥s ❧✐✈r♦s ❞✐❞át✐❝♦s✳

❙✐t✉❛çã♦ ✸✳ ◗✉❛♥t♦s ♥ú♠❡r♦s ❞❡ ❞♦✐s ❛❧❣❛r✐s♠♦s ❞✐st✐♥t♦s ♣♦❞❡♠♦s ❢♦r♠❛r ❝♦♠ ♦s ❞í❣✐t♦s ✶✱ ✷✱ ✸✱ ✹✱ ✺✱

✻✱ ✼✱ ✽ ❡ ✾❄

❙♦❧✉çã♦✿ ❈❛❞❛ ♥ú♠❡r♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ✉♠ ♣❛r ❞❡ ❞í❣✐t♦s (a, b) ♦♥❞❡ a ∈ {1, 2, 3, . . . , 9} ❡ b ∈

{1, 2, 3, . . . , 9}✱ ❝♦♠ a ̸= b✳ ◆♦t❡ q✉❡✱ ♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞♦ ❞í❣✐t♦ ❞❛s ❞❡③❡♥❛s t❡♠♦s ✾ ♣♦ss✐❜✐❧✐❞❛❞❡s✱

❡♥q✉❛♥t♦ ♣❛r❛ ♦ ❞í❣✐t♦ ❞❛s ✉♥✐❞❛❞❡s t❡♠♦s ✽ ❡s❝♦❧❤❛s✱ ❥á q✉❡ ♦s ❛❧❣❛r✐s♠♦s ❞❡ss❡ ♥ú♠❡r♦ ❞❡✈❡♠ s❡r

❞✐st✐♥t♦s✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ❛❧♠❡❥❛❞♦ é 9 · 8 = 72. □

❈♦♠ ✐ss♦✱ ✈❡❥❛♠♦s ♦ ▲❡♠❛ ✷✳✷✱ ❛ s❡❣✉✐r✳

▲❡♠❛ ✷✳✷✳ ❉❛❞♦ ♦ ❝♦♥❥✉♥t♦ S = {s1, s2, s3, . . . , sm}✱ ❝♦♠ si, sj ∈ S t❛✐s q✉❡ si ̸= sj ♣❛r❛ t♦❞♦ i ̸= j✳

❚❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s ✭si, sj✮ é ❞❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦

m · (m− 1).

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞♦ ♣❛r ❡✱ ❢❛ç❛♠♦s ✈❛r✐❛r ♦s ❞❡♠❛✐s✱ ❞❛í t❡♠♦s✿







(s1, s2), (s1, s3), . . . , (s1, sm)

(s2, s1), (s2, s3), . . . , (s2, sm)

(s3, s1), (s3, s2), . . . , (s3, sm)
✳✳✳

(sm, s1), (sm, s2), . . . , (sm, sm−1)

◆♦t❡ q✉❡✱ t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❝♦♥st✐t✉í❞❛ ♣♦r m ❧✐♥❤❛s ❡ ❝❛❞❛ ❧✐♥❤❛ ♣♦ss✉✐ (m− 1) ♣❛r ♦r❞❡♥❛❞♦✱ ♣♦✐s

❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ♣♦ss✉í m ❡❧❡♠❡♥t♦s ❡ ✜①❛♥❞♦ ✉♠ ❞❡ss❡s ❡❧❡♠❡♥t♦s s♦❜r❛♠ m− 1 ❡❧❡♠❡♥t♦s ♣❛r❛ ✈❛r✐❛r

❡ ❝♦♠♣♦r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s✳ ❉❡ss❛ ❢♦r♠❛✱ t♦t❛❧✐③❛♥❞♦ m · (m− 1) ♣❛r❡s ♦r❞❡♥❛❞♦s✳ ■

❖✉tr♦ t✐♣♦ ❞❡ q✉❡stã♦ r❡❝♦rr❡♥t❡ ♥♦s ❧✐✈r♦s ❞✐❞át✐❝♦s ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✱ sã♦ q✉❡stõ❡s q✉❡ ❡♥✈♦❧✈❡♠

❞✐r❡t❛♠❡♥t❡ ♦✉ ✐♥t✉✐t✐✈❛♠❡♥t❡ ✜❧❛s ✐♥❞✐❛♥❛s✳

❙✐t✉❛çã♦ ✹✳ ❚rês ❛❧✉♥♦s ❝❤❡❣❛♠ ❛tr❛s❛❞♦s ❛ ✉♠❛ ♣❛❧❡str❛✳ ◆♦ ❛✉❞✐tór✐♦✱ só ❡stã♦ ✈❛③✐❛s ✹ ❝❛❞❡✐r❛s✳ ❉❡

q✉❛♥t❛s ♠❛♥❡✐r❛s ❡❧❡s ♣♦❞❡♠ ♦❝✉♣❛r ❡ss❛s ❝❛❞❡✐r❛s❄
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❙♦❧✉çã♦✿ ◆♦♠❡❡♠♦s ❛s ❝❛❞❡✐r❛s ❞❡ ❆✱ ❇✱ ❈ ❡ ❉✱ ❡ ❝♦♥s✐❞❡r❡♠♦s q✉❡ ❡ss❛ ♦❝✉♣❛çã♦ ♦❝♦rr❛ ❡♠ três ❡t❛♣❛s✿

✶✳ ❖ ♣r✐♠❡✐r♦ ❛ ❡s❝♦❧❤❡r t❡♠ ✹ ♣♦ss✐❜✐❧✐❞❛❞❡s✳

✷✳ ❖ s❡❣✉♥❞♦ t❡rá ✸ ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❥á q✉❡ ✉♠❛ ❞❛s ✹ ❝❛❞❡✐r❛s ✐♥✐❝✐❛s ❢♦✐ ❡s❝♦❧❤✐❞❛ ♣❡❧♦ ♣r✐♠❡✐r♦ ❛❧✉♥♦✳

✸✳ ❖ t❡r❝❡✐r♦ ❛❧✉♥♦ ♣♦ss✉✐rá ✷ ❡s❝♦❧❤❛s✱ ♣♦✐s ❞✉❛s ❞❛s ✹ ❝❛❞❡✐r❛s ✐♥✐❝✐❛✐s ❥á ❡st❛rã♦ ♦❝✉♣❛❞❛s ♣❡❧♦s ❞♦✐s

♣r✐♠❡✐r♦s ❛❧✉♥♦s✳

❖ ❞✐❛❣r❛♠❛ ❞❡ ár✈♦r❡✱ ♥❛ ❋✐❣✉r❛ ✷✳✸✱ ♠♦str❛ t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦ssí✈❡✐s ❞❡ ❝♦♠❜✐♥❛çõ❡s✳

❋✐❣✉r❛ ✷✳✸✿ P♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❡s❝♦❧❤❛ ❞♦s ❛❧✉♥♦s✳

❋♦♥t❡✿ ❖ ❛✉t♦r✳

P♦rt❛♥t♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞♦s ❛❧✉♥♦s s❡ s❡♥t❛r❡♠ é 4 · 3 · 2 = 24. □

❊ss❡ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ✲ ✷➟ ♣❛rt❡✱ Pr♦♣♦s✐çã♦ ✸✳

Pr♦♣♦s✐çã♦ ✸✳ ✭Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ♦✉ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ✲ ✷➟ ♣❛rt❡✮

❈♦♥s✐❞❡r❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ S ❝♦♠ n ❡❧❡♠❡♥t♦s✱ ♦♥❞❡ n ⩾ 2✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❛s s❡q✉ê♥❝✐❛s ♦r❞❡♥❛❞❛s

❢♦r♠❛❞❛s ♣♦r m ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞♦✐s ❛ ❞♦✐s ❞❡ S✱ ❝♦♠ n ⩾ m✱ s❡rá ❞❛❞❛ ♣♦r✿

n · (n− 1) · (n− 2) · . . . · [n− (m− 1)].

❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❛ ♣r♦♣♦s✐çã♦ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ❋✐♥✐t❛ s♦❜r❡

n✳
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P❛r❛ n = 2✱ t❡♠♦s q✉❡ S = {s1, s2}✱ ❛ss✐♠ t❡♠♦s ❞♦✐s ♣❛r❡s ♦r❞❡♥❛❞♦s ❛ s❛❜❡r (s1, s2) ❡ (s2, s1)✱ ♦✉ s❡❥❛✱

2 = 2 · (2− 1)✳ P♦rt❛♥t♦✱ ❛ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ❛ r❡❧❛çã♦ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ ♦ ✐♥t❡✐r♦ (n − 1) ❡ ♣r♦✈❡♠♦s q✉❡ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ ♦

✐♥t❡✐r♦ n✳ P❛r❛ (n− 1) t♦♠❡♠♦s ❛s s❡q✉ê♥❝✐❛s ❞❡ (n− 1) ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ S′ = {s1, s2, . . . , sn−1}✳

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡ ❡①✐st❡♠ (n − 1) · (n − 2) · . . . · [n − (m − 1)] s❡q✉ê♥❝✐❛s ♦r❞❡♥❛❞❛s

❢♦r♠❛❞❛s ♣♦r m ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ S′✳

◆♦t❡ q✉❡✱ s❡ ❛❝r❡s❝❡♥t❛r♠♦s ♠❛✐s ✉♠ ❡❧❡♠❡♥t♦ ✭sn✮ ❡♠ S′✱ t❡♠♦s S = {s1, s2, . . . , sn−1, sn}✳ ❆ss✐♠✱ ❝❛❞❛

s❡q✉ê♥❝✐❛ (s1, s2, . . . , sn) ❝♦♥s✐st❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ (s1, s2, . . . , sn−1) ❡ ✉♠ ❡❧❡♠❡♥t♦ sn ❞❡ S✳ ▲♦❣♦✱ ♣❡❧♦

▲❡♠❛ ✷✳✷✱ ♦ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛s ❢♦r♠❛❞❛s ♣❡❧♦s ❡❧❡♠❡♥t♦s S é

[(n− 1) · (n− 2) · . . . · [n− (m− 1)]] · n = n · (n− 1) · (n− 2) · . . . · [n− (m− 1)].

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ❋✐♥✐t❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ♣r♦♣♦s✐çã♦ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ n

♥❛t✉r❛❧ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✷✳ ■

❈♦♠♦ ✈✐♠♦s ♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ❢♦✐ s❡♣❛r❛❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✱ ♣❛r❛ tr❛❜❛❧❤❛r ❛ s✉t✐❧ ❞✐❢❡✲

r❡♥ç❛ ❞❛ r❡♣❡t✐çã♦ ♦✉ ♥ã♦ ❞♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❢❛❝✐❧✐t❛♥❞♦ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ s✉❛s

❞❡♠♦♥str❛çõ❡s✳
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◆❡st❡ ❝❛♣ít✉❧♦✱ ❛❜♦r❞❛♠♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✱ ♣❛rt✐♥❞♦

❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛ ❥✉st✐✜❝❛r ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❛❞♦t❛❞♦✱ ❡✈✐t❛♥❞♦ ♦ ✉s♦ ❞❡ ❢♦r♠❛

♠❡❝â♥✐❝❛ ❞♦s ♠❡s♠♦s✳ ❖❜❥❡t✐✈❛♥❞♦ ♣r♦♣♦r❝✐♦♥❛r ❛ ❝♦♠♣r❡❡♥sã♦ ♣❧❡♥❛ ❞❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

✸✳✶✳ ❋❆❚❖❘■❆▲

❖ ♣r✐♠❡✐r♦ ❛ ✉t✐❧✐③❛r ❛ ♥♦t❛çã♦ n! ❢♦✐ ❑r❛♠♣ ❡♠ ✶✽✵✽✳ ◗✉❡ s❡r✈❡ ♣❛r❛ ❞❡s✐❣♥❛r ♦ ♣r♦❞✉t♦ ❞❡

♥ú♠❡r♦s ✐♥t❡✐r♦s ❞❡❝r❡s❝❡♥t❡s ❞❡s❞❡ ❞❡ n ❛ ✶✱ ♦✉ s❡❥❛✱

n · (n− 1) · (n− 2) . . . 3 · 2 · 1.

❊ss❛ ♥♦t❛çã♦ é ❜❡♠ út✐❧ ❞❡♥tr♦ ❞♦ ❡st✉❞♦ ❞❡ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ ❞✐③

r❡s♣❡✐t♦ ❛♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦✳

❙✐t✉❛çã♦ ✺✳ ❖s ♣♦rtõ❡s ❞❡ ✺ ❝❛s❛s ❞❡✈❡♠ s❡r ♣✐♥t❛❞♦s ❝♦♠ ❛s ❝♦r❡s ❛③✉❧✱ ♠❛rr♦♠✱ ❛♠❛r❡❧♦✱ ✈❡r❞❡ ❡

✈❡r♠❡❧❤♦✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ✐ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ s❡ ❝❛❞❛ ♣♦rtã♦ ❞❡✈❡ s❡r ♣✐♥t❛❞♦ ❞❡ ✉♠❛ ú♥✐❝❛ ❝♦r ❡

❞♦✐s ♣♦rtõ❡s ♥ã♦ ♣♦❞❡♠ s❡r ♣✐♥t❛❞♦s ❞❛ ♠❡s♠❛ ❝♦r❄

❙♦❧✉çã♦✿ ❖❜s❡r✈❡ q✉❡✿

❼ P❛r❛ ❛ ❡s❝♦❧❤❛ ❞❛ ❝♦r ♣❛r❛ ♣✐♥t❛r ♦ ♣r✐♠❡✐r♦ ♣♦rtã♦ sã♦ ✺ ♣♦ss✐❜✐❧✐❞❛❞❡s✳

❼ P❛r❛ ♦ s❡❣✉♥❞♦ ♣♦rtã♦ sã♦ ✹ ❝♦r❡s ♣♦ssí✈❡✐s✳

❼ ✸ ❝♦r❡s ♣❛r❛ ♦ t❡r❝❡✐r♦ ♣♦rtã♦✳

❼ ✷ ❝♦r❡s ♣❛r❛ ♦ s❡❣✉♥❞♦✳

❼ ❊ ✉♠❛ ❝♦r ♣❛r❛ ♦ ú❧t✐♠♦ ♣♦rtã♦✳

❆ss✐♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ✲ ✷➟ ♣❛rt❡✱ t❡♠♦s✿

5 · 4 · 3 · 2 · 1 = 120.

❚❡♠♦s ❡♥tã♦✱ ✶✷✵ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ ♣✐♥t❛r ♦s ♣♦rtõ❡s ❞❛s ✺ ❝❛s❛s✳ □

❋❛t♦r✐❛❧ s✐♠♣❧✐✜❝❛ ❛ ❡s❝r✐t❛ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n ✭n ⩾ 1✮ ♣♦r t♦❞♦s ♦s

s❡✉s ❛♥t❡❝❡ss♦r❡s✱ t❛♠❜é♠ ♥❛t✉r❛✐s✱ ❛té ❝❤❡❣❛r ❛♦ ♥ú♠❡r♦ ✶✱ ❢❛t♦ ❝♦♠✉♠ ❞❡♥tr♦ ❞♦ ❡st✉❞♦ ❞❡ ❆♥á❧✐s❡

❈♦♠❜✐♥❛tór✐❛✳ P❛r❛ ♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ t❡♠♦s✱

5 · 4 · 3 · 2 · 1 = 5!.

❉❡✜♥✐çã♦ ✸✳✶✳ ❈♦♥s✐❞❡r❛♥❞♦ n ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ✭n ⩾ 1✮✱ ❢❛t♦r✐❛❧ ❞❡ n é ♦ ♣r♦❞✉t♦ ❞❡ t♦❞♦s ♦s

♥ú♠❡r♦s ✐♥t❡✐r♦s ❡ ♣♦s✐t✐✈♦s ❝♦♠♣r❡❡♥❞✐❞♦s ♥♦ ✐♥t❡r✈❛❧♦ [n, 1] ❡ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❝♦♠♦ ❢❛t♦r✐❛❧ ❞❡ss❡

♥ú♠❡r♦ ❛ ❡①♣r❡ssã♦ n! ✭▲ê✲s❡✿ n ❢❛t♦r✐❛❧ ♦✉ ❢❛t♦r✐❛❧ ❞❡ n✮ ❡ é ❞❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦

n! = n · (n− 1) · (n− 2) · (n− 3) · . . . · 3 · 2 · 1.
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P♦❞❡♠♦s ❡♥t❡♥❞❡r n! ❝♦♠♦ s❡♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ s❡q✉ê♥❝✐❛s ❝♦♠ n ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s q✉❡ é

♣♦ssí✈❡❧ ❢♦r♠❛r ❝♦♠ ♦s n ❡❧❡♠❡♥t♦s ♣♦ssí✈❡✐s✳

✸✳✶✳✶✳ Pr♦♣r✐❡❞❛❞❡ ❋✉♥❞❛♠❡♥t❛❧ ❞♦s ❋❛t♦r✐❛✐s

◆♦t❡ q✉❡✱ 7! = 7 · 6 · 5 · 4 · 3 · 2 · 1 ❡ q✉❡ 6! = 6 · 5 · 4 · 3 · 2 · 1✱ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r 7! = 7 · 6!✳

●❡♥❡r❛❧✐③❛♥❞♦✱ ❡ss❛ ✐❞❡✐❛ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n ⩾ 2✱ t❡♠♦s✿

n! = n · (n− 1)!. ✭✸✳✶✮

❊ss❛ ♣r♦♣r✐❡❞❛❞❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦♣r✐❡❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❢❛t♦r✐❛✐s✳

✸✳✶✳✷✳ ❊①t❡♥sã♦ ❞❛ ❉❡✜♥✐çã♦ ❞❡ ❋❛t♦r✐❛❧

◆♦ ❡st✉❞♦ ❞♦s ❢❛t♦r✐❛✐s é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ❢❛t♦r✐❛❧ ❞❡ ③❡r♦ ✭0!✮✱ ♣♦✐s ③❡r♦ ❡ ✉♠ t❛♠❜é♠ ❢❛③ ♣❛rt❡

❞❡ ❝♦♥t❛❣❡♥s✳

P❛r❛ ❞❡✜♥✐r 0! ♣♦❞❡♠♦s s✉♣♦r q✉❡✱ ❛ ♣r♦♣r✐❡❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❢❛t♦r✐❛✐s s❡❥❛ ✈á❧✐❞❛ ♣❛r❛

n = 1✳ ▲♦❣♦✱

1! = 1 · (1− 1)! ⇒ 1! = 1 · 0!.

P♦r ❞❡✜♥✐çã♦✱ t❡♠♦s q✉❡

1 = 1 · 0! ⇒ 0! = 1.

❈♦♠ ❡ss❛ ❝♦♥✈❡♥çã♦✱ ❛❞♠✐t✐♠♦s q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❢❛t♦r✐❛✐s ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛

♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦✳

❋❛t♦r✐❛❧ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❜❡♠ út✐❧ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ✉t✐❧✐③❛❞❛ ♥♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐✲

❝❛t✐✈♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♥♦s q✉❡ ❡①✐❣❡♠ ❣r❛♥❞❡s ❝á❧❝✉❧♦s✳ ❱❡❥❛♠♦s ✉♠ t✐♣♦ ❞❡ q✉❡stã♦ q✉❡ é ❜❛st❛♥t❡

❝♦rr✐q✉❡✐r❛ ♥♦s ❧✐✈r♦s ❞✐❞át✐❝♦s ❞❡ ▼❛t❡♠át✐❝❛✳

❊①❡♠♣❧♦ ✶✳ ❙✐♠♣❧✐✜q✉❡ ❛s ❡①♣r❡ssõ❡s✿

✭❛✮
(n!)2

(n− 1)!(n+ 1)!

✭❜✮
(n+ 4)!

(n+ 2)! + (n+ 3)!

❙♦❧✉çã♦✿ P❛r❛ ♦ ✐t❡♠ ✭❛✮✱ ✉s❡♠♦s ❛♣❡♥❛s ❛ ❞❡✜♥✐çã♦ ✸✳✶✳

(n!)2

(n− 1)!(n+ 1)!
=

n! · n!

(n− 1)!(n+ 1)!

=
n ·✘✘✘✘(n− 1)! ·❩❩n!

✘✘✘✘(n− 1)!(n+ 1) ·❩❩n!

=
n

n+ 1
.

P❛r❛ ♦ ✐t❡♠ ✭❜✮✱ t❡♠♦s✿

(n+ 4)!

(n+ 2)! + (n+ 3)!
=

(n+ 4) · (n+ 3) · (n+ 2)!

(n+ 2)! + (n+ 3) · (n+ 2)!

=
(n+ 4) · (n+ 3) ·✘✘✘✘(n+ 2)!

✘✘✘✘(n+ 2)! · (1 + (n+ 3))

=
✘✘✘✘(n+ 4) · (n+ 3)

✘✘✘✘(n+ 4)

= n+ 3.
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□

✸✳✷✳ ❆❘❘❆◆❏❖❙ ❙■▼P▲❊❙

❙✐t✉❛çã♦ ✻✳ ❆ ❛t✉❛❧ sér✐❡ ❆ ❞♦ ❝❛♠♣❡♦♥❛t♦ ❜r❛s✐❧❡✐r♦ é ❞✐s♣✉t❛❞❛ ♣♦r ✷✵ ❡q✉✐♣❡s✱ ❡♠ s✐st❡♠❛ ❞❡ ♣♦♥t♦s

❝♦rr✐❞♦s✱ ❛ ♣r❡♠✐❛çã♦ ❞♦s três ♣r✐♠❡✐r♦s ❝♦❧♦❝❛❞♦s ✈❛r✐❛ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡ ❞♦ ✈❛❧♦r ❞❛ ♣♦♥t✉❛çã♦✳

❊♥❝♦♥tr❡ ♦ ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ♠❛♥❡✐r❛s ❞❡ s❡ ❞✐str✐❜✉ír❡♠ ❡ss❛ ♣r❡♠✐❛çã♦✳

❙♦❧✉çã♦✿ ❖❜s❡r✈❡ q✉❡✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

❼ P❛r❛ ❛ ❡s❝♦❧❤❛ ❞❛ ❡q✉✐♣❡ ❝❛♠♣❡ã t❡♠♦s ✷✵ ♦♣çõ❡s❀

❼ ✶✾ ♣❛r❛ ❛ ✈✐❝❡ ✭♣♦✐s ❛ ❝❛♠♣❡ã ♥ã♦ ♣♦❞❡✮❀

❼ ✶✽ ♣❛r❛ ♦ t❡r❝❡✐r♦ ❧✉❣❛r ✭♣♦✐s ❛ ❝❛♠♣❡ã ❡ ✈✐❝❡ ♥ã♦ ♣♦❞❡♠✮✳

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ✲ ✷➟ ♣❛rt❡✱ t❡♠♦s✿

20 · (20− 1)(20− 2) = 20 · 19 · 18 = 6840 ♠❛♥❡✐r❛s✳

□

◆❡ss❡ ❝❛s♦ t❡♠♦s ✷✵ t✐♠❡s ♣❛r❛ ❡s❝♦❧❤❡r♠♦s três✱ ❛❧é♠ ❞✐ss♦✱ ❛ ♦r❞❡♠ é ❧❡✈❛❞❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦

✭❋❧❛♠❡♥❣♦✱ ■♥t❡r♥❛❝✐♦♥❛❧ ❡ ❆t❧ét✐❝♦ ▼✐♥❡✐r♦✮ é ❞✐❢❡r❡♥t❡ ❞❡ ✭■♥t❡r♥❛❝✐♦♥❛❧✱ ❋❧❛♠❡♥❣♦ ❡ ❆t❧ét✐❝♦ ▼✐♥❡✐r♦✮✳

❈❛s♦s ❡s♣❡❝í✜❝♦s ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❝♦♠♦ ❡ss❡✱ sã♦ ❝❤❛♠❛❞♦s ❞❡ ❆rr❛♥❥♦s ❙✐♠✲

♣❧❡s✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❆rr❛♥❥♦s s✐♠♣❧❡s ❞❡ n ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s t♦♠❛❞♦s p ❛ p✱ ♦♥❞❡ (1 ⩽ p ⩽ n)✱ sã♦

♦s ❞✐❢❡r❡♥t❡s ❛❣r✉♣❛♠❡♥t♦s ♦r❞❡♥❛❞♦s q✉❡ s❡ ♣♦❞❡♠ ❢♦r♠❛r ❝♦♠ p ❞♦s n ❡❧❡♠❡♥t♦s ❞❛❞♦s✱ ♠✉❞❛♥❞♦ ❛♦

♠❡♥♦s ❛ ♦r❞❡♠✳

❖s ❆rr❛♥❥♦s sã♦ ❛♣❧✐❝❛çõ❡s ❞♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ✲ ✷➟ ♣❛rt❡✱ ♣♦✐s ♣❛r❛ s❡ ♦❜t❡r ✉♠ ❛❣r✉✲

♣❛♠❡♥t♦ ❞❡ p ❡❧❡♠❡♥t♦s✱ ❤á n ♠❛♥❡✐r❛s ❞❡ s❡ ❡s❝♦❧❤❡r ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦✱ ❝♦♠♦ ❥á ✉s❛♠♦s ✶ ❡❧❡♠❡♥t♦✱

t❡r❡♠♦s ❛❣♦r❛ n− 1 ♠❛♥❡✐r❛s ❞❡ s❡ ♦❜t❡r ♦ s❡❣✉♥❞♦✱ ❝♦♠♦ ❥á ✉s❛♠♦s ❞♦✐s✱ t❡r❡♠♦s ❛❣♦r❛ n− 2 ♠❛♥❡✐r❛s

❞❡ s❡ ♦❜t❡r ♦ t❡r❝❡✐r♦✱ ✐♥❞♦ ❛ss✐♠ ❛té [n− (p− 1)] ♠❛♥❡✐r❛s ❞❡ s❡ ♦❜t❡r ♦ p−❡♥és✐♠♦ ❡❧❡♠❡♥t♦✳ ❖❜s❡r✈❡

q✉❡ ❛té ❛ ❡s❝♦❧❤❛ p ✜③❡♠♦s p− 1 ❡s❝♦❧❤❛✳

❆ss✐♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ✲ ✷➟ ♣❛rt❡✱ t❡♠♦s✿

n · (n− 1) · (n− 2) · . . . · [n− (p− 1)],

♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r
(n− p)!

(n− p)!
✱ t❡♠♦s✱

n · (n− 1) · (n− 2) · . . . · [n− (p− 1)] ·
(n− p)!

(n− p)!
.

❖❜s❡r✈❡ q✉❡✱

n · (n− 1) · (n− 2) · . . . · (n− (p− 1)) · (n− p)!

= n · (n− 1) · (n− 2) · . . . · (n− p+ 1) · (n− p) · (n− p− 1) · . . . · 2 · 1

= n!.

P♦rt❛♥t♦✱

n · (n− 1) · (n− 2) · . . . · [n− (p− 1)] =
n!

(n− p)!
.
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■♥❞✐❝❛r❡♠♦s ♣♦r An,p ♦✉ Anp ♦ t♦t❛❧ ❞❡ss❡s ❛❣r✉♣❛♠❡♥t♦s ❞✐st✐♥t♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❝á❧❝✉❧♦ ❞♦ ♥ú♠❡r♦

❞❡ ❛rr❛♥❥♦s s✐♠♣❧❡s ♣♦❞❡ s❡r ❡❢❡t✉❛❞♦ ♠❡❞✐❛♥t❡ ♦ ♠♦❞❡❧♦ q✉❡ s❡❣✉❡✲s❡✿

An,p =
n!

(n− p)!
.

❯t✐❧✐③❛♥❞♦ ❡ss❡ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ r❡s♦❧✈❡r ❛ ❙✐t✉❛çã♦ ✻✱ ♦❜t❡♠♦s✿

A20,3 =
20!

(20− 3)!

=
20 · 19 · 18 ·✟✟17!

✟✟17!
= 6840 ♠❛♥❡✐r❛s✳

✸✳✷✳✶✳ ❆rr❛♥❥♦s ❝♦♠ ❘❡♣❡t✐çõ❡s

❙✐t✉❛çã♦ ✼✳ ❆s ♥♦✈❛s ♣❧❛❝❛s ♥♦ ♣❛❞rã♦ ▼❡r❝♦s✉❧ ✜♥❛❧♠❡♥t❡ ❝♦♠❡ç❛r❛♠ ❛ s❡r ✉s❛❞❛s ♥♦ ❇r❛s✐❧ ❬✳✳✳❪

❆ ✢❡①✐❜✐❧✐❞❛❞❡ ❞♦ ❝ó❞✐❣♦ ❛❧❢❛♥✉♠ér✐❝♦ ♣❡r♠✐t✐rá à ♣❧❛❝❛ ❞♦ ▼❡r❝♦s✉❧ ♦❢❡r❡❝❡r ♠❛✐s ❞❡ ✹✺✵ ♠✐❧❤õ❡s ❞❡

❝♦♠❜✐♥❛çõ❡s✳ ◆♦ s✐st❡♠❛ ❛♥t✐❣♦✱ ❛✐♥❞❛ ✈✐❣❡♥t❡ ❡♠ ❛❧❣✉♥s ❊st❛❞♦s✱ ♦ t❡t♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❡r❛ ❞❡ ✶✼✺

♠✐❧❤õ❡s✳

❖s s❡t❡ ❝❛r❛❝t❡r❡s ❞❛ ♣❧❛❝❛ ❛t✉❛❧ ❜r❛s✐❧❡✐r❛ ❢♦r❛♠ ♠❛♥t✐❞♦s✱ ♣♦ré♠ ❝♦♠ q✉❛tr♦ ❧❡tr❛s ❡ três

♥ú♠❡r♦s✱ ❡ ♥ã♦ ♠❛✐s três ❧❡tr❛s ❡ q✉❛tr♦ ♥ú♠❡r♦s✳

❆❧é♠ ❞✐ss♦✱ ❧❡tr❛s ❡ ♥ú♠❡r♦s ♣♦❞❡♠ s❡r ✏❡♠❜❛r❛❧❤❛❞♦s✑✱ ❡ ♥ã♦ ♠❛✐s ❞✐s♣♦st♦s ❞❡ ♠❛♥❡✐r❛ ✜①❛

❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ▲▲▲ ◆◆◆◆ ✭❡♠ q✉❡ ▲ é ❧❡tr❛ ❡ ◆✱ ♥ú♠❡r♦✮✳

P♦r ❡①❡♠♣❧♦✱ ♥♦ ❇r❛s✐❧ s❡rá ✐♥✐❝✐❛❧♠❡♥t❡ ▲▲▲ ◆▲◆◆ ♣❛r❛ ❛✉t♦♠ó✈❡✐s ❡ ▲▲▲ ◆◆ ▲◆ ♣❛r❛ ♠♦✲

t♦❝✐❝❧❡t❛s✳

❉✐s♣♦♥í✈❡❧ ❡♠✿ ❁❤tt♣s✿✴✴q✉❛tr♦r♦❞❛s✳❛❜r✐❧✳❝♦♠✳❜r✴❛✉t♦✲s❡r✈✐❝♦✴♣❧❛❝❛✲❞♦✲♠❡r❝♦s✉❧✲t✐r❡✲s✉❛s✲❞✉✈✐❞❛s✲❡✲s❛✐❜❛✲♦✲q✉❡✲❥❛✲

♠✉❞♦✉✲♥♦✲♣r♦❥❡t♦✴❃✳ ❆❝❡ss♦ ❡♠✿ ✷✵✴✵✽✴✷✵✷✶✳

◗✉❛♥t❛s ♣❧❛❝❛s ❞❡ ❛✉t♦♠ó✈❡✐s ❛ ♠❛✐s t❡rã♦ ♥❡ss❡ ♥♦✈♦ s✐st❡♠❛❄

❙♦❧✉çã♦✿ ❈♦♠♦ ♥ã♦ ❤á r❡str✐çõ❡s ❡♠ r❡❧❛çã♦ ❛ r❡♣❡t✐çã♦ ❞❛s ❧❡tr❛s ❡ ❞♦s ❛❧❣❛r✐s♠♦s ❡ ♣♦ss✉í♠♦s ✷✻

❧❡tr❛s ♥♦ ❛❧❢❛❜❡t♦ ❡ ✶✵ ❛❧❣❛r✐s♠♦s✱ t❡♠♦s ♥♦ s✐st❡♠❛ ❛♥t✐❣♦✿

❼ ✷✻ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞❛ ♣r✐♠❡✐r❛ ❧❡tr❛❀

❼ ✷✻ ♣❛r❛ ❛ s❡❣✉♥❞❛❀

❼ ✷✻ ♣❛r❛ ❛ t❡r❝❡✐r❛❀

❼ ✶✵ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞♦ ♣r✐♠❡✐r♦ ♥ú♠❡r♦✱ ❥á q✉❡ ♥❛ ❝♦♥❢❡❝çã♦ ❞❛s ♣❧❛❝❛s ♣♦❞❡✲s❡ ✐♥✐❝✐❛r

❛ s❡q✉ê♥❝✐❛ ❞♦s ♥ú♠❡r♦ ♣♦r ✵ ✭③❡r♦✮❀

❼ ✶✵ ❡s❝♦❧❤❛s ♣❛r❛ ♦ s❡❣✉♥❞♦ ♥ú♠❡r♦❀

❼ ✶✵ ♣❛r❛ ♦ t❡r❝❡✐r♦❀

❼ ✶✵ ♣❛r❛ ♦ q✉❛rt♦✳

P♦rt❛♥t♦✱ ♣❡❧♦ P❋❈ ✲ ✶➟ ♣❛rt❡✱ t❡♠♦s✿

26 · 26 · 26 · 10 · 10 · 10 · 10 = 263 · 103 = 175.760.000.
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❉❡ ❢♦r♠❛✱ ❛♥á❧♦❣❛ t❡♠♦s ♣❛r❛ ♦ s✐st❡♠❛ ❛t✉❛❧ ✭▲▲▲ ◆▲◆◆✮✳

26 · 26 · 26 · 10 · 26 · 10 · 10 = 264 · 103 = 456.976.000.

❉❡ss❛ ❢♦r♠❛✱ t❡r❡♠♦s ❛ ♠❛✐s 456.976.000− 175.760.000 = 281.216.000 ♣❧❛❝❛s✳ □

❉❡✜♥✐çã♦ ✸✳✸✳ ❆rr❛♥❥♦ ❝♦♠ r❡♣❡t✐çã♦✱ ♦✉ ❛rr❛♥❥♦ ❝♦♠♣❧❡t♦✱ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ n ❡❧❡♠❡♥t♦s ❞❡

✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦✱ ❝♦♠ p ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s✱ ♦♥❞❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ♦r❞❡♠ ❞❡t❡r♠✐♥❛ ❣r✉♣♦s ❞✐❢❡r❡♥t❡s✱

♣♦❞❡♥❞♦ ♣♦ré♠ t❡r ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ S = {s1, s2, s3, . . . , sp} ❝♦♠ p ❡❧❡♠❡♥t♦s✱ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ♦ ♠♦❞❡❧♦

♠❛t❡♠át✐❝♦ q✉❡ r❡♣r❡s❡♥t❡ ♦ t♦t❛❧ ❞❡ ♠❛♥❡✐r❛s q✉❡ ♣♦❞❡♠♦s ❛rr❛♥❥❛r♠♦s ♦s n ❡❧❡♠❡♥t♦s ✭n ⩽ p✮ ❞✐st✐♥t♦s✳

P♦rt❛♥t♦✱ t❡♠♦s n ♦♣çõ❡s ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❡s❝♦❧❤❛✱ n ♣❛r❛ ❛ s❡❣✉♥❞❛ ❡✱ ❛ss✐♠✱ s✉❝❡ss✐✈❛♠❡♥t❡

❛té n ♣❛r❛ ❛ ú❧t✐♠❛✳ ❘❡❝❛í♠♦s ❡♠ ♠❛✐s ✉♠ ❝❛s♦ ❞♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ✲ ✶➟ ♣❛rt❡✳

n · n · . . . · n
︸ ︷︷ ︸

p

= np.

❉❡♥♦t❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❛rr❛♥❥♦s ❝♦♠ r❡♣❡t✐çã♦ ♣♦r ARn,p✳ ❊✱ ❛ss✐♠✿

ARn,p = np.

✸✳✸✳ P❊❘▼❯❚❆➬Õ❊❙

P❡r♠✉t❛r é s✐♥ô♥✐♠♦ ❞❡ tr♦❝❛r✳ ◆❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ❞❡✈❡♠♦s r❡❧❛❝✐♦♥❛r ❛ ♣❡r♠✉t❛çã♦ à

♥♦çã♦ ❞❡ ❡♠❜❛r❛❧❤❛r✱ ♦✉ s❡❥❛✱ tr♦❝❛r ♦s ❡❧❡♠❡♥t♦s ❞❡ ♣♦s✐çã♦✳ ❱❡❥❛♠♦s ❡ss❛ ✐❞❡✐❛ ♥❛ ❙✐t✉❛çã♦ ✽ ❛ s❡❣✉✐r✳

❙✐t✉❛çã♦ ✽✳ ❆♥❞ré✱ ❇❛r❜❛rá✱ ❈❛r❧♦s ❡ ❉❛✈② ❢♦r❛♠ ❛ ✉♠ ♣❛rq✉❡ ❡ s❡ s❡♥t❛r❛♠ ❥✉♥t♦s ❡♠ ✉♠ ♠❡s♠♦

❜❛♥❝♦✱ ❧❛❞♦ ❛ ❧❛❞♦✳ ❊♠ q✉❛♥t❛s ❝♦♥✜❣✉r❛çõ❡s ❞✐❢❡r❡♥t❡s ♦s q✉❛tr♦s ❛♠✐❣♦s ♣♦❞❡♠ t❡r s❡ s❡♥t❛❞♦❄

❙♦❧✉çã♦✿ ❱❛♠♦s ✐♥❞✐❝❛r ♦s ❛♠✐❣♦s ♣❡❧❛s ✐♥✐❝✐❛✐s ❞❡ s❡✉s ♥♦♠❡s ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ❛♣r❡s❡♥t❛çã♦ ❞❛s

❝♦♥✜❣✉r❛çõ❡s ♣♦ssí✈❡✐s✳

❼ ❙❡ ❆♥❞ré s❡♥t❛r ♥♦ ♣r✐♠❡✐r♦ ❧✉❣❛r ❞♦ ❜❛♥❝♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ ❆❇❈❉✱ ❆❇❉❈✱

❆❈❇❉✱ ❆❈❉❇✱ ❆❉❇❈ ❡ ❆❉❈❇✳

❼ ❙❡ ❇❛r❜❛rá ✜❝❛r ♥♦ ♣r✐♠❡✐r♦ ❧✉❣❛r ❞♦ ❜❛♥❝♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♥✜❣✉r❛çõ❡s✿ ❇❆❈❉✱ ❇❆❉❈✱

❇❈❆❉✱ ❇❈❉❆✱ ❇❉❆❈ ❡ ❇❉❈❆✳

❼ ❙❡ ❈❛r❧♦s s❡♥t❛r ♥♦ ♣r✐♠❡✐r♦ ❧✉❣❛r ❞♦ ❜❛♥❝♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ ❈❆❇❉✱ ❈❆❉❇✱

❈❇❆❉✱ ❈❇❉❆✱ ❈❉❆❇ ❡ ❈❉❇❆✳

❼ ❙❡ ❉❛✈② s❡♥t❛r ♥♦ ♣r✐♠❡✐r♦ ❧✉❣❛r ❞♦ ❜❛♥❝♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♥✜❣✉r❛çõ❡s✿ ❉❇❈❆✱ ❈❇❆❈✱

❉❈❇❆✱ ❉❈❆❇✱ ❉❆❇❈ ❡ ❉❆❈❇✳

❉❡ss❛ ❢♦r♠❛✱ ✐♥❢❡r✐♠♦s q✉❡ ❡①✐st❡♠ 4 ·6 = 24 ♣♦ss✐❜✐❧✐❞❛❞❡s ❞✐st✐♥t❛s ❞❡❧❛s s❡ s❡♥t❛r❡♠ ♥♦ ❜❛♥❝♦✳

❆♣❧✐❝❛♥❞♦ ♦ P❋❈ ✲ ✷➟ ♣❛rt❡✱ t❡♠♦s q✉❡ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❧✉❣❛r ♥♦ ❜❛♥❝♦ t❡♠♦s ✹ ♣♦ss✐❜✐❧✐❞❛❞❡s

❞❡ ❡s❝♦❧❤❛❀ ♣❛r❛ ♦ s❡❣✉♥❞♦ ❧✉❣❛r t❡♠♦s ✸ ❡s❝♦❧❤❛s❀ ♣❛r❛ ♦ t❡r❝❡✐r♦ ❧✉❣❛r t❡♠♦s ✷ ❡s❝♦❧❤❛s❀ ♣♦r ✜♠✱ r❡st❛

❛♣❡♥❛s ✉♠❛ ♣❡ss♦❛ ♣❛r❛ ♦ q✉❛rt♦ ❧✉❣❛r✳ P♦rt❛♥t♦✱ t❡♠♦s 4 · 3 · 2 · 1 = 24 ❝♦♥✜❣✉r❛çõ❡s ❞✐❢❡r❡♥t❡s✳ □

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♣♦❞❡♠♦s ❢❛③❡r ❛ s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ❞❡ q✉❛♥t♦s ♠♦❞♦s ♣♦❞❡♠♦s ♦r❞❡♥❛r ❡♠ ✜❧❛

n ♦❜❥❡t♦s ❞✐st✐♥t♦s ❡s❝♦❧❤✐❞♦s ❡♥tr❡ n ♦❜❥❡t♦s❄



❈❛♣ít✉❧♦ ✸✳ ❈❖◆❙❊◗❯✃◆❈■❆❙ ❉❖ P❘■◆❈❮P■❖ ❋❯◆❉❆▼❊◆❚❆▲ ❉❆ ❈❖◆❚❆●❊▼ ✷✽

❆ ❡s❝♦❧❤❛ ❞♦ ♦❜❥❡t♦ q✉❡ ♦❝✉♣❛rá ♦ ♣r✐♠❡✐r♦ ❧✉❣❛r ♣♦❞❡ s❡r ❢❡✐t❛ ❞❡ n ♠❛♥❡✐r❛s❀ ❛ ❡s❝♦❧❤❛ ❞♦

♦❜❥❡t♦ q✉❡ ♦❝✉♣❛rá ❛ s❡❣✉♥❞❛ ♣♦s✐çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❞❡ n− 1 ♠❛♥❡✐r❛s❀ ❛ ❡s❝♦❧❤❛ ❞♦ ♦❜❥❡t♦ q✉❡ ♦❝✉♣❛rá

♦ t❡r❝❡✐r♦ ❧✉❣❛r ♣♦❞❡ s❡r ❢❡✐t❛ ❞❡ n − 2 ♠❛♥❡✐r❛s ❡✱ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✱ ❛té ❛ ❡s❝♦❧❤❛ ❞♦ ♦❜❥❡t♦ q✉❡

♦❝✉♣❛rá ❛ ú❧t✐♠❛ q✉❡ ♣♦❞❡ s❡r ❢❡✐t❛ ❞❡ ✶ ♠❛♥❡✐r❛✳ ▲♦❣♦✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠

✲ ✷➟ ♣❛rt❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❛❣r✉♣❛♠❡♥t♦s ♦r❞❡♥❛❞♦s q✉❡ ♣♦❞❡♠♦s ♦❜t❡r ❝♦♠ t♦❞♦s ♦s n

❡❧❡♠❡♥t♦s é ❞❛❞♦ ♣♦r✿

n · (n− 1) · (n− 2) · (n− 3) · . . . · 3 · 2 · 1.

❆ss✐♠✱ ❡♠ s✉♠❛✱ ♣♦❞❡♠♦s s✐st❡♠❛t✐③❛r ❛s ♣❡r♠✉t❛çõ❡s s✐♠♣❧❡s ❞❛ ♠❛♥❡✐r❛ q✉❡ s❡❣✉❡✲s❡✳

Pr♦♣♦s✐çã♦ ✹✳ ❈♦♥s✐❞❡r❛♥❞♦ n ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ✱ ♦s ❛❣r✉♣❛♠❡♥t♦s ♦r❞❡♥❛❞♦s ❢♦r♠❛❞♦s ♣♦r ❡ss❡s n

❡❧❡♠❡♥t♦s r❡❝❡❜❡♠ ♦ ♥♦♠❡ ❞❡ ♣❡r♠✉t❛çõ❡s s✐♠♣❧❡s✱ q✉❛♥❞♦ ♥ã♦ ❤á r❡♣❡t✐çã♦ ❞❡ ❡❧❡♠❡♥t♦s✳ ■♥❞✐❝❛r❡✲

♠♦s ♣♦r Pn ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s s✐♠♣❧❡s ❞❡ n ❡❧❡♠❡♥t♦s ❡ ❡s❝r❡✈❡♠♦s✿

Pn = n · (n− 1) · (n− 2) · (n− 3) · . . . · 3 · 2 · 1

= n!.

❆♥❛❧✐s❡♠♦s ♦ ❊①❡♠♣❧♦ ✷ q✉❡ é ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ♥♦ ❡st✉❞♦ ❞❡ ♣❡r♠✉t❛çõ❡s✱

♣♦r s✉❛ ❝♦rr✐q✉❡✐r❛ ♣r❡s❡♥ç❛✳ ◗✉❡ é ❛ ❛❜♦r❞❛❣❡♠ ❞♦ ♥ú♠❡r♦ ❞❡ ❛♥❛❣r❛♠❛s ❞❡ ✉♠❛ ♣❛❧❛✈r❛✱ ♦♥❞❡ ✉♠

❛♥❛❣r❛♠❛ é ❛ ♣ró♣r✐❛ ♣❛❧❛✈r❛ ♦✉ q✉❛❧q✉❡r ♦✉tr♦ ❛❣r✉♣❛♠❡♥t♦ q✉❡ s❡ ♦❜té♠ tr♦❝❛♥❞♦✲s❡ ❛ ♦r❞❡♠ ❞❡ s✉❛s

❧❡tr❛s✳

❊①❡♠♣❧♦ ✷✳ ✭■❚❆✮ ❖ ♥ú♠❡r♦ ❞❡ ❛♥❛❣r❛♠❛s ❞❛ ♣❛❧❛✈r❛ ❱❊❙❚■❇❯▲❆◆❉❖✱ q✉❡ ♥ã♦ ❛♣r❡s❡♥t❛♠ ❛s

❝✐♥❝♦ ✈♦❣❛✐s ❥✉♥t❛s✱ é✿

✭❛✮ 12!

✭❜✮ 8! · 5!

✭❝✮ 12!− 8! · 5!

✭❞✮ 12!− 8!

✭❡✮ 12!− 7! · 5!

❙♦❧✉çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ♥♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❤á r❡str✐çõ❡s t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❛♥❛❣r❛♠❛s ❞❛ ♣❛❧❛✈r❛

❱❊❙❚■❇❯▲❆◆❉❖ é 12!, ♣♦✐s t❡♠♦s ✶✷ ❧❡tr❛s ❞✐st✐♥t❛s ❡ ❛ ♦r❞❡♠ ❞❡ss❛s ❧❡tr❛s ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s✳

P♦ré♠✱ ❝♦♠♦ ❤á r❡str✐çã♦ ❞❡ ❛s ❝✐♥❝♦ ✈♦❣❛✐s ♥ã♦ ♣♦❞❡r❡♠ ✜❝❛r ❥✉♥t❛s✱ ❡♥tã♦ ✈❛♠♦s ❞❡s❝♦❜r✐r ❡♠

q✉❛♥t♦s ❞❡ss❡s ❛s ✈♦❣❛✐s ❡stã♦ ❥✉♥t❛s ❡ r❡t✐r❛r♠♦s ❞♦ t♦t❛❧ ❞❡ ❛♥❛❣r❛♠❛s ♣♦ssí✈❡✐s✳

❆ss✐♠✱ ❛s ✈♦❣❛✐s s❡♥❞♦ ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦✱ t❡rí❛♠♦s 8! ❛♥❛❣r❛♠❛s✱ ♠❛s q✉❡

♣♦❞❡♠ ♣❡r♠✉t❛r❡♠ ❡♥tr❡ s✐ ♣r♦❞✉③✐♥❞♦ 5! ❛♥❛❣r❛♠❛s✳ P♦rt❛♥t♦✱ ♣❡❧♦ P❋❈ ✲ ✶➟ ♣❛rt❡✱ t❡♠♦s✿ 8!.5!

❛♥❛❣r❛♠❛s ❞❛ ♣❛❧❛✈r❛ ❱❊❙❚■❇❯▲❆◆❉❖ q✉❡ ❛♣r❡s❡♥t❛♠ ❛s ❝✐♥❝♦ ✈♦❣❛✐s ❥✉♥t❛s✳

❉❡ss❛ ♠❛♥❡✐r❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❛♥❛❣r❛♠❛s ❞❛ ♣❛❧❛✈r❛ ❱❊❙❚■❇❯▲❆◆❉❖✱ q✉❡ ♥ã♦

❛♣r❡s❡♥t❛♠ ❛s ❝✐♥❝♦ ✈♦❣❛✐s ❥✉♥t❛s✱ é✿

12!− 8! · 5!

P♦rt❛♥t♦✱ ❛ ❛ss❡rt✐✈❛ ❝♦rr❡t❛ á ❛ ❧❡tr❛ ✭❝✮✳ □

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❛❜♦r❞❛r ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s é ✉s❛♥❞♦ ❛rr❛♥❥♦s s✐♠♣❧❡s✳ ◆❡ss❡ ❝❛s♦✱

♣❡r♠✉t❛çã♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❛rr❛♥❥♦s✱ ❡♠ q✉❡ n = p✱ ♦✉ s❡❥❛✱ t❡♠♦s n ❡❧❡♠❡♥t♦s ♣❛r❛ ♦❝✉♣❛r❡♠



❈❛♣ít✉❧♦ ✸✳ ❈❖◆❙❊◗❯✃◆❈■❆❙ ❉❖ P❘■◆❈❮P■❖ ❋❯◆❉❆▼❊◆❚❆▲ ❉❆ ❈❖◆❚❆●❊▼ ✷✾

n ❡s♣❛ç♦s✳ ❆❧❣❡❜r✐❝❛♠❡♥t❡ t❡♠♦s✿

An,n =
n!

(n− n)!

=
n!

0!

=
n!

1
= n!

= Pn

✸✳✸✳✶✳ P❡r♠✉t❛çõ❡s ❝♦♠ ❊❧❡♠❡♥t♦s ❘❡♣❡t✐❞♦s

❉❡✜♥✐çã♦ ✸✳✹✳ P❡r♠✉t❛çõ❡s ❝♦♠ ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s

❞✐st✐♥t♦s q✉❡ é ♣♦ssí✈❡❧ ❢♦r♠❛r ❝♦♠ p ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r n ❡❧❡♠❡♥t♦s✱ ♣♦❞❡♥❞♦ ❝♦♥t❛r

❝❛❞❛ ❡❧❡♠❡♥t♦ ♠❛✐s ❞❡ ✉♠❛ ✈❡③✳

❙✐t✉❛çã♦ ✾✳ ✭❈❊❙P❊✴❚❘❊✲▼❚✴✷✵✶✺✮ ❊♠ ✉♠ ❝❛♠♣❡♦♥❛t♦ ❞❡ ❢✉t❡❜♦❧ ❛♠❛❞♦r ❞❡ ♣♦♥t♦s ❝♦rr✐❞♦s✱

❞♦ q✉❛❧ ♣❛rt✐❝✐♣❛♠ ✶✵ t✐♠❡s✱ ❝❛❞❛ ✉♠ ❞❡ss❡s t✐♠❡s ❥♦❣❛ ❞✉❛s ✈❡③❡s ❝♦♠ ❝❛❞❛ ❛❞✈❡rsár✐♦✱ ♦ q✉❡ t♦t❛❧✐③❛

❡①❛t❛s ✶✽ ♣❛rt✐❞❛s ♣❛r❛ ❝❛❞❛✳ ❈♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡ ♦ t✐♠❡ ✈❡♥❝❡❞♦r ❞♦ ❝❛♠♣❡♦♥❛t♦ ✈❡♥❝❡✉ ✶✸ ♣❛rt✐❞❛s ❡

❡♠♣❛t♦✉ ✺✱ é ❝♦rr❡t♦ ❛✜r♠❛r q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❛♥❡✐r❛s ♣♦ssí✈❡✐s ♣❛r❛ q✉❡ ❡ss❡s r❡s✉❧t❛❞♦s ♦❝♦rr❛♠

❞❡♥tr♦ ❞♦ ❝❛♠♣❡♦♥❛t♦ é✳

✭❛✮ s✉♣❡r✐♦r ❛ ✹✳✵✵✵ ❡ ✐♥❢❡r✐♦r ❛ ✻✳✵✵✵✳

✭❜✮ s✉♣❡r✐♦r ❛ ✻✳✵✵✵ ❡ ✐♥❢❡r✐♦r ❛ ✽✳✵✵✵✳

✭❝✮ s✉♣❡r✐♦r ❛ ✽✳✵✵✵✳

✭❞✮ ✐♥❢❡r✐♦r ❛ ✷✳✵✵✵✳

✭❡✮ s✉♣❡r✐♦r ❛ ✷✳✵✵✵ ❡ ✐♥❢❡r✐♦r ❛ ✹✳✵✵✵✳

❙♦❧✉çã♦✿ ❙❡♥❞♦ ❱ ✈✐tór✐❛ ❡ ❊ ❡♠♣❛t❡✱ ✉♠❛ ♣♦ssí✈❡❧ ♦r❞❡♠ ❞♦s r❡s✉❧t❛❞♦s ❞♦ s❡✉ ❞❡s❡♠♣❡♥❤♦ ♥♦

❝❛♠♣❡♦♥❛t♦ é ✭❱❱❱❱❱❱❱❱❱❱❱❱❱❊❊❊❊❊✮ ❢♦r♠❛♥❞♦ ❛ss✐♠ ✉♠ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ✶✽ ❡❧❡♠❡♥t♦s

♥ã♦ ❞✐st✐♥t♦s✳ ❆ss✐♠✱ ♣❡❧♦ P❋❈✱ t❡♠♦s✿

18 · 17 · 16 · . . . · 3 · 2 · 1 = 18!.

P♦ré♠ ❤á ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✱ ❝♦♠ ✐ss♦✱ ❛♦ ❝♦♥t❛❜✐❧✐③❛r♠♦s 18! t❡r❡♠♦s ❝♦♠❜✐♥❛çõ❡s r❡♣❡t✐❞❛s

q✉❡ s❡ ♦r✐❣✐♥❛♠ ❞❛s ♣❡r♠✉t❛çõ❡s ❡♥tr❡ s✐ ❞♦s ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s ❡✱ ♣❡r♠✉t❛r ♦s ❡❧❡♠❡♥t♦s ✐❣✉❛✐s ❡♥tr❡

s✐ ♥ã♦ ❝r✐❛ ✉♠ ♥♦✈♦ ❛♥❛❣r❛♠❛✱ ♣❛r❛ ❡❧✐♠✐♥❛r♠♦s ❡ss❛ ❝♦♥t❛❣❡♠ ❡①❝❡ss✐✈❛ ❜❛st❛ r❡❛❧✐③❛r♠♦s ❛ ♦♣❡r❛çã♦

✐♥✈❡rs❛ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ ♦✉ s❡❥❛✱ ❛ ❞✐✈✐sã♦✳

P♦rt❛♥t♦✱ ❞❡ss❡ t♦t❛❧ r❡t✐r❛♠♦s ❛s ♣❡r♠✉t❛çõ❡s ❡♥tr❡ ♦s ❱ ✭13!✮ ❡ ❛s ❡♥tr❡ ♦s ❊ ✭5!✮✳ ❖❜t❡♥❞♦

❛ss✐♠✿
18!

13! · 5!
= 8568 ♠❛♥❡✐r❛s ♣♦ssí✈❡✐s✳

□

❊①❡♠♣❧♦ ✸✳ ❊♥❝♦♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❞❛ ❡q✉❛çã♦ a+ b+ c = 4.

❙♦❧✉çã♦✿ ❚❡♠♦s ❡♥tã♦ ✉♠❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❢♦r♠❛❞❛ ♣♦r três ♣❛r❝❡❧❛s ❞♦ t✐♣♦ ⋆⋆+⋆+⋆✱ ❡♠ q✉❡ ❛s

❡str❡❧❛s r❡❛♣r❡s❡♥t❛♠ ❛s ✉♥✐❞❛❞❡s t♦t❛❧✐③❛♥❞♦ ✹ ❡ ♦s s✐♥❛✐s ✰ sã♦ r❡s♣♦♥sá✈❡✐s ♣♦r s❡♣❛r❛s ❛s ✉♥✐❞❛❞❡s
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❡♠ três ♣❛r❝❡❧❛s q✉❡ sã♦ ♦s ✈❛❧♦r❡s ♣❛r❛ a✱ b ❡ c✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ✻ ❡❧❡♠❡♥t♦s

❡ q✉❡r❡♠♦s ♣❡r♠✉tá✲❧♦s✱ q✉❡ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❝♦♥s✐st❡ ❡♠ ♣❡r♠✉t❛çã♦ ❞❡ ✻

❡❧❡♠❡♥t♦s✱ ♦✉ s❡❥❛✱

6!.

P♦ré♠ ❤á ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✱ ❝♦♠ ✐ss♦✱ ❛♦ ❝♦♥t❛❜✐❧✐③❛r♠♦s 6! t❡r❡♠♦s ❝♦♠❜✐♥❛çõ❡s r❡♣❡t✐❞❛s q✉❡ s❡

♦r✐❣✐♥❛♠ ❞❛s ♣❡r♠✉t❛çõ❡s ❡♥tr❡ s✐ ❞♦s ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s ❡✱ ♣❡r♠✉t❛r ♦s ❡❧❡♠❡♥t♦s ✐❣✉❛✐s ❡♥tr❡ s✐ ♥ã♦

❝r✐❛ ✉♠❛ ♥♦✈❛ s♦❧✉çã♦✱ ♣❛r❛ ❡❧✐♠✐♥❛r♠♦s ❡ss❛ ❝♦♥t❛❣❡♠ ❡①❝❡ss✐✈❛ ❜❛st❛ r❡❛❧✐③❛r♠♦s ❛ ♦♣❡r❛çã♦ ✐♥✈❡rs❛

❞❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ ✐st♦ é✱
6!

4! · 2!
= 15.

❊♠ q✉❡✱ 4! ❝♦rr❡s♣♦♥❞❡ ❛ ♣❡r♠✉t❛çã♦ ❞❛s ❡str❡❧❛s ❡ 2! ❛ ❞♦s s✐♥❛✐s ❞❡ ❛❞✐çã♦✳

●❡♥❡r❛❧✐③❛♥❞♦✱ ♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ ✉s❛r♠♦s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ♣❡r♠✉t❛çõ❡s ❝♦♠ r❡♣❡t✐çã♦✱

é✿

P a,b,...,c
n =

n!

a! · b! · . . . · c!

❊♠ q✉❡✱ P a,b,...,c
n ✐♥❞✐❝❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❝♦♠ r❡♣❡t✐çõ❡s❀ a, b, . . . , c ❡①♣r❡ss❛♠ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s

❡♠ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞✐st✐♥t♦ s❡ r❡♣❡t❡❀ n é ♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s✳ □

✸✳✸✳✷✳ P❡r♠✉t❛çõ❡s ❈✐r❝✉❧❛r❡s

❱✐♠♦s✱ ♥❛ s✉❜s❡çã♦ ✸✳✸✳✶✱ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s ♥♦ ❝❛s♦ ❛s ♣❡r♠✉t❛çõ❡s ❝♦♠ r❡♣❡✲

t✐çã♦ ❞❡ ❡❧❡♠❡♥t♦s✳ ◆❡st❛ s✉❜s❡çã♦ ✐r❡♠♦s ❛❜♦r❞❛r ♦✉tr♦ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s✱ ❛s ♣❡r♠✉t❛çõ❡s

❝✐r❝✉❧❛r❡s✳

❙✐t✉❛çã♦ ✶✵✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s q✉❛tr♦ ♣❡ss♦❛s ♣♦❞❡♠ ❢♦r♠❛r ✉♠❛ r♦❞❛ ❞❡ ❝✐r❛♥❞❛❄

❙♦❧✉çã♦✿ ◆♦t❡ q✉❡✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ✐♥s❡rçã♦ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❛ r♦❞❛ ❞❡ ❝✐r❛♥❞❛✿

❼ ❍á ✶ ♠♦❞♦ ❞❡ ❝♦❧♦❝❛r ❛ ♣r✐♠❡✐r❛ ♣❡ss♦❛ ♥❛ r♦❞❛ ❞❡ ❝✐r❛♥❞❛❀

❼ ❍á ✶ ♠♦❞♦ ❞❡ ❝♦❧♦❝❛r ❛ s❡❣✉♥❞❛ ♣❡ss♦❛ ♥❛ r♦❞❛ ❞❡ ❝✐r❛♥❞❛ ✭❡❧❛ ❡st❛rá ❛♦ ❧❛❞♦ ❞❛ ♣❡ss♦❛ ✶✮❀

❼ ❍á ✷ ♠♦❞♦s ❞❡ ❝♦❧♦❝❛r ❛ t❡r❝❡✐r❛ ♣❡ss♦❛ ♥❛ r♦❞❛ ❞❡ ❝✐r❛♥❞❛ ✭✜❝❛rá ❛♣ós ❛ ♣r✐♠❡✐r❛ ♦✉ ❛♣ós ❛

s❡❣✉♥❞❛✮❀

❼ ❍á ✸ ♠♦❞♦s ❞❡ ❝♦❧♦❝❛r ❛ q✉❛rt❛ ♣❡ss♦❛ ✭✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ❛ ♣r✐♠❡✐r❛ ♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ❛

s❡❣✉♥❞❛ ♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ❛ t❡r❝❡✐r❛✮

P❡❧♦ P❋❈ ✲ ✶➟ ♣❛rt❡✱ t❡♠♦s✿

1 · 1 · 2 · 3 = 6.

□

❖❜s❡r✈❡ q✉❡✱ ♥❡st❡s ❝❛s♦s ❧❡✈❛♠♦s ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ♣♦s✐çã♦ r❡❧❛t✐✈❛ ❡♥tr❡ ♦s ♦❜❥❡t♦s ❝♦♥s✐❞❡✲

r❛❞♦s✱ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ♦❜❥❡t♦ t❡♠♦s ✉♠ ♠♦❞♦✱ ♣♦✐s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ ♦♥❞❡ s❡❥❛ ❝♦❧♦❝❛❞♦ ❡❧❡ s❡rá

ú♥✐❝♦❀ ♣❛r❛ ♦ s❡❣✉♥❞♦ t❛♠❜é♠ ❤á ✉♠ ♠♦❞♦✱ ♣♦✐s ❡st❛rá ♣♦s✐❝✐♦♥❛❞♦ ❛♦ ❧❛❞♦ ❞♦ ♣r✐♠❡✐r♦❀ ♣❛r❛ ♦ t❡r❝❡✐r♦

❤á ❞✉❛s✱ ❥á q✉❡ ♣♦❞❡ ✈✐r ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ ♣r✐♠❡✐r♦ ♦✉ ❛♣ós ♦ s❡❣✉♥❞♦❀ ♣❛r❛ ♦ q✉❛rt♦ ♦❜❥❡t♦ ❤á três

♠♦❞♦s✱ sã♦ ❡❧❡s✿ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ ♣r✐♠❡✐r♦✱ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ s❡❣✉♥❞♦ ♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós

♦ t❡r❝❡✐r♦❀ . . .❀ ♣❛r❛ ♦ ú❧t✐♠♦ ♦❜❥❡t♦ n✱ ❤❛✈❡rá n− 1 ♠♦❞♦s✳

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ t♦t❛❧ ❞❡ ♠♦❞♦s ❞✐st✐♥t♦s q✉❡ n ♦❜❥❡t♦s ♣♦❞❡♠ ♦❝✉♣❛r❡♠ n ❧✉❣❛r❡s

❡q✉✐❡s♣❛ç❛❞♦s ❡♠ t♦r♥♦ ❞❡ ✉♠ ❝ír❝✉❧♦ é ❞❛❞♦ ♣♦r✿

1 · 1 · 2 · 3 · . . . · (n− 1) = (n− 1)!
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✸✳✹✳ ❈❖▼❇■◆❆➬Õ❊❙ ❙■▼P▲❊❙

❍á ❝❛s♦s ❡♠ q✉❡ ❞❡s❡❥❛♠♦s ❡s❝♦❧❤❡r ✉♠❛ ❝❡rt❛ q✉❛♥t✐❞❛❞❡ p ❞❡ ❡❧❡♠❡♥t♦s ❡♥tr❡ ♦s n ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦✱ ❡♠ q✉❡ ❛ ♦r❞❡♠ ♥ã♦ ✐♠♣♦rt❛✳ ❱❡❥❛♠♦s ♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r✿

❊①❡♠♣❧♦ ✹✳ ✭▲✐✈r♦✿ ■♥tr♦❞✉çã♦ à ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ✕ ❆❞❛♣t❛❞♦✮ ❙♦❜r❡ ✉♠❛ r❡t❛ r ❢♦r❛♠ ♠❛r❝❛❞♦s

♦s ♣♦♥t♦s ❞✐st✐♥t♦s A✱ B✱ C ❡ D✱ ❡ s♦❜r❡ ✉♠❛ r❡t❛ s✱ ❝♦♥❝♦rr❡♥t❡ ❛ r ♥♦ ♣♦♥t♦ A✱ ❢♦r❛♠ ♠❛r❝❛❞♦s ♦s

♣♦♥t♦s F ✱ G✱ H ❡ J ✳ ❉❡t❡r♠✐♥❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ tr✐â♥❣✉❧♦s q✉❡ ♣♦❞❡♠♦s ❢♦r♠❛r ❝♦♠ três ❞❡ss❡s ♣♦♥t♦s✳

❙♦❧✉çã♦✿ ❚❡♠♦s ✽ ♣♦♥t♦s✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ❛❜❛✐①♦✿

❋✐❣✉r❛ ✸✳✶✿ ❘❡t❛s r ❡ s✳

❋♦♥t❡✿ ❖ ❛✉t♦r✳

P❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ✲ ✷➟ ♣❛rt❡✱ ♣❛r❛ ❡s❝♦❧❤❡r♠♦s três ♣♦♥t♦s q✉❛✐sq✉❡r✱

❢❛③❡♠♦s✿

8 · 7 · 6 = 336.

❈♦♠♦ ❛ ♦r❞❡♠ ❡♥tr❡ ♦s três ♥ú♠❡r♦s ❡s❝♦❧❤✐❞♦s ♥ã♦ ✐♠♣♦rt❛✱ ♣r❡❝✐s❛♠♦s ❞❡s❝♦♥s✐❞❡r❛r ❛s ♣❡r✲

♠✉t❛çõ❡s ❡♥tr❡ ❡❧❡s✱ ❢❛③❡♥❞♦✿
8 · 7 · 6

P3
=

336

3 · 2 · 1
= 56 ♠❛♥❡✐r❛s✳

❚❡♠♦s ❛✐♥❞❛ q✉❡✱ ♣❛r❛ ❢♦r♠❛r ✉♠ tr✐â♥❣✉❧♦ sã♦ ♥❡❝❡ssár✐♦s três ♣♦♥t♦s ♥ã♦ ❝♦❧✐♥❡❛r❡s✱ ❝♦♠ ✐ss♦✱ ♣r❡❝✐s❛✲

♠♦s r❡t✐r❛r ❞❡ss❡s ✺✻ ❛s s❡q✉ê♥❝✐❛s ❢♦r♠❛❞❛s ♣♦r três ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✳

❼ ◆❛ r❡t❛ s t❡♠♦s✿
5 · 4 · 3

P3
= 10.

❼ ◆❛ r❡t❛ r t❡♠♦s
4 · 3 · 2

P3
= 4.

❉❛í✱ 56− 10− 4 = 42✳ P♦rt❛♥t♦✱ é ♣♦ssí✈❡❧ ❢♦r♠❛r ✹✷ tr✐â♥❣✉❧♦s✳ □

❈❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❝♦♠♦ ❡ss❡ ❡♠ q✉❡ ❛ ♦r❞❡♠ ❞❡ ❞✐s♣♦✲

s✐çã♦ ❞♦s ❡❧❡♠❡♥t♦s ♥ã♦ ✐♠♣♦rt❛✱ r❡❝❡❜❡♠ ♦ ♥♦♠❡ ❞❡ ❈♦♠❜✐♥❛çã♦ ❙✐♠♣❧❡s✳

❉❡✜♥✐çã♦ ✸✳✺✳ ❈❤❛♠❛♠♦s ❞❡ ❈♦♠❜✐♥❛çã♦ ❙✐♠♣❧❡s ❞❡ n ❡❧❡♠❡♥t♦s t♦♠❛❞♦s p ❛ p ✭p ⩽ n✮ ❛ t♦❞♦s ♦s

s✉❜❝♦♥❥✉♥t♦s ❝♦♠ ❡①❛t❛♠❡♥t❡ p ❡❧❡♠❡♥t♦s q✉❡ s❡ ♣♦❞❡♠ ❢♦r♠❛r ❝♦♠ ♦s n ❡❧❡♠❡♥t♦s ❞❛❞♦s ❞✐❢❡r❡♥❝✐❛♥❞♦

❛♣❡♥❛s ♣❡❧❛ s✉❛ ♥❛t✉r❡③❛✳

■♥❞✐❝❛r❡♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s ♣♦r Cn,p ♦✉

Ç

n

p

å

✳

Pr♦♣♦s✐çã♦ ✺✳ ❈♦♠❜✐♥❛çã♦ ❙✐♠♣❧❡s sã♦ t♦❞♦s ♦s ❆rr❛♥❥♦s q✉❡ ♥ã♦ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ♣❡r♠✉✲

t❛çõ❡s ❞♦s ❆rr❛♥❥♦s ❢♦r♠❛❞♦s ♣❡❧♦s ♠❡s♠♦s ❡❧❡♠❡♥t♦s✱ ♦✉ s❡❥❛✱
An,p

p!
✳
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▼❛t❡♠❛t✐❝❛♠❡♥t❡ t❡♠♦s✿

An,p

p!
=

n!

(n− p)!

p!
=

n!

p! · (n− p)!
.

❆ss✐♠✱

Cn,p =
n!

p! · (n− p)!
.

✸✳✹✳✶✳ ❯♠ ❈❛s♦ ❊s♣❡❝✐❛❧ ❞❡ ❊q✉❛çõ❡s ▲✐♥❡❛r❡s

➱ ❢á❝✐❧ ✈❡r q✉❡ ❛s s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❞❛ ❡q✉❛çã♦ ❧✐♥❡❛r x+ y = 3 sã♦✿

(0, 3); (1, 2); (2, 1); (3, 0).

P♦ré♠✱ ❤á ❝❛s♦s q✉❡ ♥ã♦ sã♦ tã♦ s✐♠♣❧❡s ❛ss✐♠ ❞❡t❡r♠✐♥❛r q✉❛♥t❛s sã♦ s✉❛s s♦❧✉çõ❡s✳ ❱❡❥❛♠♦s ♦ ❊①❡♠♣❧♦

✺ ❛ s❡❣✉✐r✳

❊①❡♠♣❧♦ ✺✳ ◆❛ ❡❧❡✐çã♦ ♣❛r❛ ❞✐r❡t♦r ❞♦ ■❋P❇✱ ✺✵ ♣❡ss♦❛s t❡rã♦ q✉❡ ✈♦t❛r ❡♠ ✉♠ ❝❛♥❞✐❞❛t♦ ❡♥tr❡ ♦s

três q✉❡ ❧❛♥ç❛r❛♠ s✉❛s ❝❛♥❞✐❞❛t✉r❛s✱ sã♦ ❡❧❡s✿ x✱ y ❡ z✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s ♣♦❞❡ s❡ ❞á ♦ r❡s✉❧t❛❞♦ ❞❡ss❛

❡❧❡✐çã♦❄

❙♦❧✉çã♦✿ ❚❡♠♦s q✉❡ ❛ s♦♠❛ ❞♦s ✈♦t♦s ♦❜t✐❞♦ ♣❡❧♦s três ❝❛♥❞✐❞❛t♦s t♦t❛❧✐③❛♠ ✺✵✱ ♦✉ s❡❥❛✱

x + y + z = 50.

❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛✿ ♦ ❝❛♥❞✐❞❛t♦ x t✐r❛r ✺ ✈♦t♦s✱ y ♦❜t❡r ✹✺ ✈♦t♦s ❡ z ♥ã♦ ♦❜t❡r ♥❡♥❤✉♠ ✈♦t♦ ❝♦♠♦

♠♦str❛ ❛ ✐❧✉str❛çã♦ ❛ s❡❣✉✐r✳

..... + ............................................. +

♦ ❡sq✉❡♠❛ ❝♦♥s✐st❡ ♥♦ s❡❣✉✐♥t❡✿ ♦s ♣♦♥t✐♥❤♦s à ❡sq✉❡r❞❛ ❞♦ ♣r✐♠❡✐r♦ s✐♥❛❧ ❞❡ + r❡♣r❡s❡♥t❛♠ ♦ t♦t❛❧ ❞❡

✈♦t♦s ❞♦ ❝❛♥❞✐❞❛t♦ x✱ ✭♥♦ ❝❛s♦ ❝✐t❛❞♦✱ ✺✮✱ ♦s ♣♦♥t✐♥❤♦s s✐t✉❛❞♦s ❡♥tr❡ ♦s ❞♦✐s s✐♥❛✐s ❞❡ + r❡♣r❡s❡♥t❛♠ ♦

t♦t❛❧ ❞❡ ✈♦t♦s ♦❜t✐❞♦s ♣❡❧♦ ❝❛♥❞✐❞❛t♦ y ✭♥♦ ❝❛s♦ ❝✐t❛❞♦✱ ✹✺✮ ❡✱ ♦s ♣♦♥t✐♥❤♦s s✐t✉❛❞♦s ❛ ❞✐r❡✐t❛ ❞♦ s❡❣✉♥❞♦

s✐♥❛❧ ❞❡ + r❡♣r❡s❡♥t❛♠ ♦ t♦t❛❧ ❞❡ ✈♦t♦s ❞♦ ❝❛♥❞✐❞❛t♦ z✱ ✭♥♦ ❝❛s♦ ❝✐t❛❞♦ ❝♦♠♦ ❡①❡♠♣❧♦✱ ✵✮✳

❚❡♠♦s ✺✵ ❡❧❡♠❡♥t♦s ✭✈♦t♦s✮ ♣❛r❛ ♣❡r♠✉t❛r ♥♦s três ❡s♣❛ç♦s s❡♣❛r❛❞♦s ♣♦r ♦✉tr♦s ❞♦✐s ❡❧❡♠❡♥t♦s

✭s✐♥❛✐s ❞❡ ❛❞✐çã♦✮ t♦t❛❧✐③❛♥❞♦ ✺✷ ❡❧❡♠❡♥t♦s✱ ♣❡r♠✉t❛✲s❡ ♦s ✺✷ ❡❧❡♠❡♥t♦s ✭52!✮✱ ❞❡ss❡ t♦t❛❧ t❡♠♦s q✉❡

❞❡s❝♦♥s✐❞❡r❛r ❛s ♣❡r♠✉t❛çõ❡s ❝♦♥t❛❜✐❧✐③❛❞❛s q✉❡ ❧❡✈❛r❛♠ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ♦r❞❡♠ ❞♦s ✺✵ ❡❧❡✐t♦r❡s ✭50!✮

❡✱ ❛ ❞♦s ✷ s✐♥❛✐s ❞❡ ❛❞✐çã♦ ✭2!✮✱ ❥á q✉❡ ♥ã♦ s❡ ❝♦♥s✐❞❡r❛ ❛ ♦r❞❡♠ ❡♥tr❡ ❡❧❡s✳ P❡❧♦s P❋❈s✱ t❡♠♦s✿

52 · 51 · 50!

50! · 2!
= 1326.

P♦rt❛♥t♦✱ ❡①✐st❡♠ ✶✸✷✻ ♠❛♥❡✐r❛s ♣♦ssí✈❡✐s ❞❡ r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❡❧❡✐çã♦✳ □

❆ Pr♦♣♦s✐çã♦ ✻✱ ♠♦str❛ ♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❛tr❡❧❛❞♦ ❛ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛ ✉t✐❧✐③❛❞♦ ♣❛r❛

❡♥❝♦♥tr❛r ♦ t♦t❛❧ ✭❚✮ ❞❡ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳

Pr♦♣♦s✐çã♦ ✻✳ ❖ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❡♠ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❞♦ t✐♣♦

x1 + x2 + . . .+ xn = r,
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é✿

T =
(n+ r − 1)!

r!(n− 1)!
.

❆ ❞❡♠♦♥str❛çã♦ ❛ s❡❣✉✐r ❢♦✐ ❜❛s❡❛❞❛ ❡♠ ❍❆❩❩❆◆ ✭✷✵✶✸✮✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝❛❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ é ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ r sí♠❜♦❧♦s ✳ ❡ ✭n− 1✮ sí♠❜♦❧♦s

+ ✭♣r❡❝✐s❛♠♦s ❞❡ ✭n− 1✮ ❜❛rr❛s ♣❛r❛ ❞✐✈✐❞✐r r ♣♦♥t♦s ❡♠ n ♣❛rt❡s✮

[..+ ......+ ....+ ...]

❖ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ✭sí♠❜♦❧♦s ❞❛ ❡q✉❛çã♦✮ s❡rá✿

P
(n−1),r
n+r−1 =

(n+ r − 1)!

r!(n− 1)!
.

■

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❛❧é♠ ❞❡ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❛ ❞✐✈❡rs♦s

s❡t♦r❡s ❞♦ ❝♦t✐❞✐❛♥♦✱ s❡r✈❡ t❛♠❜é♠ ♣❛r❛ r❡s♦❧✈❡r ♦✉ ❛✉①✐❧✐❛r ♥❛ r❡s♦❧✉çã♦ ❞❡ ❞✐✈❡rs♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s

♣r♦♣♦st♦s ♥♦s ❧✐✈r♦s ❞✐❞át✐❝♦s ❡ ❡♠ ❝♦♥❝✉rs♦s✱ ❝♦♠♦ ✈❡r❡♠♦s ❝♦♠ ♠❛✐s ê♥❢❛s❡ ♥♦ ❈❛♣ít✉❧♦ ✹✳
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◆❡st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛♠♦s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❡ ❝✉r✐♦s✐❞❛❞❡s ❞❛ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❝✉❥♦ ❞❡✲

s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡♣❡♥❞❡rá ❛♣❡♥❛s ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠❛ ♦✉ ♠❛✐s ❞❛s ❢✉♥❞❛♠❡♥t❛çõ❡s t❡ór✐❝❛s ✈✐st❛s ♥♦s

❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳

❆♣❧✐❝❛çã♦ ✶✳ ✭❈❊❙P❊✴❈❊❇❘❆❙P❊✲✷✵✵✾✮ ❆❝❡r❝❛ ❞❡ ❝♦♥t❛❣❡♠✱ ❥✉❧❣✉❡ ♦s ✐t❡♥s ❛ s❡❣✉✐r✳ ❆ q✉❛♥t✐✲

❞❛❞❡ ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s ❞❡ ✸ ❛❧❣❛r✐s♠♦s ❡♠ q✉❡ t♦❞♦s ♦s ❛❧❣❛r✐s♠♦s sã♦ ❞✐st✐♥t♦s é s✉♣❡r✐♦r ❛ ✼✵✵✳

⃝ ❈❡rt♦

⃝ ❊rr❛❞♦

❙♦❧✉çã♦✿ P❛r❛ ❛ ❡s❝♦❧❤❛ ❞♦ ❛❧❣❛r✐s♠♦ ❞❛s ❝❡♥t❡♥❛s t❡♠♦s ✾ ♦♣çõ❡s✱ ❥á q✉❡ ♥ã♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ③❡r♦❀

♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞♦ ❛❧❣❛r✐s♠♦ ❞❛s ❞❡③❡♥❛s t❡♠♦s ✾ ♦♣çõ❡s✱ ❥á q✉❡ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ③❡r♦❀ ♣❛r❛ ❛ ❡s❝♦❧❤❛

❞♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s t❡♠♦s ✽ ♦♣çõ❡s✱ ♣♦✐s ❥á ✉t✐❧✐③❛♠♦s ❞♦✐s✳ ❆ss✐♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧

❞❛ ❈♦♥t❛❣❡♠✱ t❡♠♦s✿

9 · 9 · 8 = 640.

P♦rt❛♥t♦✱ ❛ ♦♣çã♦ ❝♦rr❡t❛ é ❛ ❊rr❛❞♦✳ □

❆♣❧✐❝❛çã♦ ✷✳ ✭❈❊❙P❊✴❈❊❇❘❆❙P❊✲✷✵✶✸✮ ❊♠ ✉♠❛ ❡s❝♦❧❛ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♦s ❛❧✉♥♦s ❆✱ ❇✱ ❈✱ ❉✱ ❊✱

❋ ❡ ● ❢♦r❛♠ s❡❧❡❝✐♦♥❛❞♦s ♣❛r❛ ♣❛rt✐❝✐♣❛r ❞❛ ❖❧✐♠♣í❛❞❛ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✳ P❛r❛ tr❛♥s♣♦rtá✲❧♦s ❛té

♦ ❧♦❝❛❧ ❞❛ ♣r♦✈❛✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ✷ ✈❡í❝✉❧♦s ✖ ■ ❡ ■■ ✖ ❞❡ ✹ ❛ss❡♥t♦s✱ ❛❧é♠ ❞♦s ❛ss❡♥t♦s ❞♦s ♠♦t♦r✐st❛s✳

◗✉❛tr♦ ❡st✉❞❛♥t❡s ❢♦r❛♠ ♥♦ ✈❡í❝✉❧♦ ■ ❡ ✸✱ ♥♦ ✈❡í❝✉❧♦ ■■✳

❈♦♥s✐❞❡r❡ q✉❡ ♦s ♥♦♠❡s ❞♦s ✼ ❛❧✉♥♦s r❡❢❡r✐❞♦s ♥♦ t❡①t♦ s❡❥❛♠ t♦❞♦s ❞✐❢❡r❡♥t❡s ❡ q✉❡ s❡ q✉❡✐r❛ ♣r❡❡♥❝❤❡r

❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ✼ ❧✐♥❤❛s ❝♦♠ ❡ss❡s ♥♦♠❡s✳ ◆❡ss❛ s✐t✉❛çã♦✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❛♥❡✐r❛s

❞✐st✐♥t❛s ❞❡ s❡ ♣r❡❡♥❝❤❡r ❡ss❛ ❝♦❧✉♥❛ é ✐❣✉❛❧ ❛

✭❛✮ ✼

✭❜✮ ✸✵

✭❝✮ ✶✹✹

✭❞✮ ✺✵✹✵

✭❡✮ ✽✷✸✺✹✸

❙♦❧✉çã♦✿ ❙ã♦ s❡t❡ ❛❧✉♥♦s ♣❛r❛ ♦❝✉♣❛r❡♠ s❡t❡ ❧✉❣❛r❡s ❞❡ ✉♠❛ ✜❧❛✱ t❡♠♦s ❡♥tã♦✿

❼ ✼ ♦♣çõ❡s ♣❛r❛ ❛ ♣♦s✐çã♦ ✶❀

❼ ✻ ♦♣çõ❡s ♣❛r❛ ❛ ✷❀

❼ ✺ ♣❛r❛ ❛ ✸❀

❼ ✹ ♣❛r❛ ❛ ✹❀

❼ ✸ ♣❛r❛ ❛ ✺❀

❼ ✷ ♣❛r❛ ❛ ✻❀
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❼ ✶ ♣❛r❛ ❛ ✼✳

P♦rt❛♥t♦✱ ♣❡❧❛ P❋❈ ✲ ✷➟ ♣❛rt❡✱ t❡♠♦s✿ 7 · 6 · 5 · 4 · 3 · 2 · 1 = 5040 ♠❛♥❡✐r❛s ❞✐st✐♥t❛s✳ □

❆♣❧✐❝❛çã♦ ✸✳ ✭❯◆■❈❆▼P✲❙P✲✷✵✷✵✮ ❈✐♥❝♦ ♣❡ss♦❛s ❞❡✈❡♠ ✜❝❛r ❡♠ ♣é✱ ✉♠❛ ❛♦ ❧❛❞♦ ❞❛ ♦✉tr❛✱ ♣❛r❛

t✐r❛r ✉♠❛ ❢♦t♦❣r❛✜❛✱ s❡♥❞♦ q✉❡ ❞✉❛s ❞❡❧❛s s❡ r❡❝✉s❛♠ ❛ ✜❝❛r ❧❛❞❛ ❛ ❧❛❞♦✳ ❖ ♥ú♠❡r♦ ❞❡ ♣♦s✐çõ❡s ❞✐st✐♥t❛s

♣❛r❛ ❛s ❝✐♥❝♦ ♣❡ss♦❛s s❡r❡♠ ❢♦t♦❣r❛❢❛❞❛s ❥✉♥t❛s é ✐❣✉❛❧✿

✭❛✮ ✹✽

✭❜✮ ✼✷

✭❝✮ ✾✻

✭❞✮ ✶✷✵

❙♦❧✉çã♦✿ P❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ✲ ✷➟ ♣❛rt❡✱ ♦ t♦t❛❧ ❞❡ ♠❛♥❡✐r❛s ❞❡ ❞✐s♣♦r♠♦s ❝✐♥❝♦

♣❡ss♦❛s é ❞❛❞♦ ♣♦r✿

5 · 4 · 3 · 2 · 1 = 120.

P❡r♠✉t❛♥❞♦ ❛s ❞✉❛s q✉❡ ✜❝❛♠ s❡♠♣r❡ ❥✉♥t❛s✱ t❡♠♦s✿

2 · 1 = 2.

▼❛♥t❡♥❞♦ ❡ss❛s ❞✉❛s ♣❡ss♦❛s ❥✉♥t❛s✱ t❡r❡♠♦s ❤✐♣♦t❡t✐❝❛♠❡♥t❡ ✹ ♣❡ss♦❛s ♣❛r❛ s❡r❡♠ ♣❡r♠✉t❛❞❛s ❡ ❝♦♠♦

t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❡♥tr❡ ❛s ❞✉❛s ♣❡ss♦❛s ❥✉♥t❛s✱ t❡♠♦s✿

4 · 3 · 2 · 1 · 2 = 48

♣♦s✐çõ❡s ❞✐st✐♥t❛s ❡♠ q✉❡ ❡❧❛s ❡st❛rã♦ ❥✉♥t❛s✳

P♦rt❛♥t♦✱ t❡♠♦s ✶✷✵ ♠❛♥❡✐r❛s ❞❡ ❞✐s♣♦r♠♦s ❛s ❝✐♥❝♦ ♣❡ss♦❛s ❡✱ ❡♠ ✹✽ ❞❡ss❛s ❞✐s♣♦s✐çõ❡s t❡r❡♠♦s

❞✉❛s ❞❡❧❛s s❡♠♣r❡ ❥✉♥t❛s✱ ❞❛í ❝♦♥❝❧✉✐✲s❡ q✉❡ ♦ ♥ú♠❡r♦ ♣❡❞✐❞♦ é ❞❛❞♦ ♣❡❧❛ ❞✐❢❡r❡♥ç❛✿

120− 48 = 72.

□

❆♣❧✐❝❛çã♦ ✹✳ ✭❈❊❙P❊✴❈❊❇❘❆❙P❊✲❉❊❚❘❆◆✲✷✵✶✵✮ ❆❝❡r❝❛ ❞♦s ♣r✐♥❝í♣✐♦s ❡ ❞❛s té❝♥✐❝❛s ❞❡ ❝♦♥✲

t❛❣❡♠✱ ❥✉❧❣✉❡ ♦ ✐t❡♠ s✉❜s❡q✉❡♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡✱ ♥♦ ❡st❛❞♦ ❞♦ ❊s♣ír✐t♦ ❙❛♥t♦✱ ❛s ♣❧❛❝❛s ❞♦s

❛✉t♦♠ó✈❡✐s ✈❛r✐❡♠ ❞❡ ▼❖❳ ✵✵✵✶ ❛ ▼❚❩ ✾✾✾✾✱ é ❝♦rr❡t♦ ❝♦♥❝❧✉✐r q✉❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛✉t♦♠ó✈❡✐s q✉❡

♣♦❞❡♠ s❡r ❧✐❝❡♥❝✐❛❞♦s ♥❡ss❡ ❡st❛❞♦ é ✐❣✉❛❧ ❛ ✶✻✷✳✵✵✵✳

⃝ ❈❡rt♦

⃝ ❊rr❛❞♦

❙♦❧✉çã♦✿ ❖❜s❡r✈❡ q✉❡✿

❼ ❆ ♣r✐♠❡✐r❛ ❧❡tr❛ ✭▼✮ ♥ã♦ ✈❛r✐❛❀

❼ P❛r❛ ❛ s❡❣✉♥❞❛ t❡♠♦s ✻ ♦♣çõ❡s ✭❖✱ P✱ ◗✱ ❘✱ ❙ ❡ ❚✮❀

❼ P❛r❛ ❛ t❡r❝❡✐r❛ ♣♦s✐çã♦ ❤á três ♦♣çõ❡s ✭❳✱ ❨ ❡ ❩✮❀

❼ P❛r❛ ❛s ♣♦s✐çõ❡s ✹➟✱ ✺➟✱ ✻➟ ❡ ✼➟ ❤á ❞❡③ ♦♣çõ❡s ✭✵✱ ✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽ ❡ ✾✮✳
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P❡❧♦ P❋❈✱ t❡♠♦s✿

6 · 3 · 10 · 10 · 10 · 10 = 180000.

▼❛s✱ ♦❜s❡r✈❡ q✉❡ ❛♦ ❢❛③❡r♠♦s ❡ss❡ ❝á❧❝✉❧♦ ❡st❛♠♦s ✐♥❝❧✉✐♥❞♦ t❛♠❜é♠ t♦❞❛s ❛s ♣❧❛❝❛s q✉❡ t❡r✲

♠✐♥❛♠ ❝♦♠ ✵✵✵✵✳ ▲♦❣♦✱ ❞❡✈❡♠♦s r❡t✐rá✲❧❛s✱ q✉❡ é ✉♠ q✉❛♥t✐t❛t✐✈♦ ❞❡ ✶✽✱ ♣♦✐s ❛s t❡♠♦s ✻ ♦♣çõ❡s ♣❛r❛ ❛

s❡❣✉♥❞❛ ❧❡tr❛ ❡ ✸ ♦♣çõ❡s ♣❛r❛ ❛ t❡r❝❡✐r❛ ❧❡tr❛✳

P♦rt❛♥t♦✱ t❡♠♦s 180000− 18 = 179982 ♣❧❛❝❛s ❡✱ ❞❡ss❛ ❢♦r♠❛✱ ♦ ✐t❡♠ ❡stá ❡rr❛❞♦✳ □

❆♣❧✐❝❛çã♦ ✺✳ ✭P●❊✲❘❖✴❚➱❈◆■❈❖ ❉❆ P❘❖❈❯❘❆❉❖❘■❆✴✷✵✶✺✮ ◗✉❛tr♦ ♣r♦❝❡ss♦s✱ ♥✉♠❡r❛✲

❞♦s ❞❡ ✶ ❛ ✹✱ ❞❡✈❡rã♦ s❡r ❞✐str✐❜✉í❞♦s ❡♥tr❡ três ♣r♦❝✉r❛❞♦r❡s✿ ➪t✐❧❛✱ ❍ér❝✉❧❡s ❡ ❯❧✐ss❡s✳ ❯♠ ♠❡s♠♦

♣r♦❝✉r❛❞♦r ♣♦❞❡ r❡❝❡❜❡r ❛té q✉❛tr♦ ♣r♦❝❡ss♦s✱ ❡①❝❡t♦ ♦ ♣r♦❝✉r❛❞♦r ➪t✐❧❛✱ q✉❡ ♥ã♦ ♣♦❞❡ r❡❝❡❜❡r ♦ ♣r♦✲

❝❡ss♦ ♥ú♠❡r♦ ✷✳ ❖ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s ❞❡ s❡ ❢❛③❡r t❛❧ ❞✐str✐❜✉✐çã♦ é✿

✭❛✮ ✽✶

✭❜✮ ✻✹

✭❝✮ ✺✹

✭❞✮ ✶✶

✭❡✮ ✽

❙♦❧✉çã♦✿ ◆♦t❡ q✉❡✿

❼ P❛r❛ ♦ ♣r♦❝❡ss♦ ✶ t❡♠♦s três ♦♣çõ❡s ❞❡ ♣r♦❝✉r❛❞♦r❀

❼ P❛r❛ ♦ ♣r♦❝❡ss♦ ✷ t❡♠♦s ❞✉❛s ♦♣çõ❡s ❞❡ ♣r♦❝✉r❛❞♦r✱ ❥á q✉❡ ➪t✐❧❛ ♥ã♦ ♣♦❞❡❀

❼ P❛r❛ ♦ ♣r♦❝❡ss♦ ✸ t❡♠♦s três ♦♣õ❡s ❞❡ ♣r♦❝✉r❛❞♦r❀

❼ P❛r❛ ♦ ♣r♦❝❡ss♦ ✹ t❡♠♦s três ♦♣çõ❡s ❞❡ ♣r♦❝✉r❛❞♦r✳

P❡❧♦ P❋❈✱ t❡♠♦s✿

3 · 2 · 3 · 3 = 54

❞✐str✐❜✉✐çõ❡s ♣♦ssí✈❡✐s✳ □

❆♣❧✐❝❛çã♦ ✻✳ ✭❈❊❙P❊✲✷✵✵✼✲P❡tr♦❜rás✲❆♥❛❧✐st❛ ❞❡ ❈♦♠ér❝✐♦ ❡ ❙✉♣r✐♠❡♥t♦s ❏✉♥✐♦r✮ ❏✉❧❣✉❡

♦s ✐t❡♥s q✉❡ s❡ s❡❣✉❡♠✳

❈♦♥s✐❞❡r❡ q✉❡✱ ♥♦ ✜♥❛❧ ❞❡ ✉♠❛ r❡✉♥✐ã♦ ❞❡ ❡①❡❝✉t✐✈♦s✱ ❢♦r❛♠ tr♦❝❛❞♦s ✼✽ ❛♣❡rt♦s ❞❡ ♠ã♦❀ ❝❛❞❛

❡①❡❝✉t✐✈♦ ❛♣❡rt♦✉ ✉♠❛ ú♥✐❝❛ ✈❡③ ❛ ♠ã♦ ❞❡ t♦❞♦s ♦s ♦✉tr♦s✳ ◆❡ss❡ ❝❛s♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❡①❡❝✉t✐✈♦s ♣r❡s❡♥t❡s

♥❛ r❡✉♥✐ã♦ ❡r❛ ✐♥❢❡r✐♦r ❛ ✶✺✳

⃝ ❈❡rt♦

⃝ ❊rr❛❞♦

❙♦❧✉çã♦✿ ❙❡❥❛ n ♦ t♦t❛❧ ❞❡ ❡①❡❝✉t✐✈♦s✳ ❆ss✐♠✱ ❝❛❞❛ ✉♠ ❞❡✉ ✭n− 1✮ ❛♣❡rt♦ ❞❡ ♠ã♦✳ ❈♦♠♦ ❛ ♦r❞❡♠ ❞♦s

❡①❡❝✉t✐✈♦s ❛♦ s❡ ❝✉♠♣r✐♠❡♥t❛r❡♠ ♥ã♦ ✐♥t❡r❡ss❛✱ ✭✿✷✮✳ P♦rt❛♥t♦✱

n(n− 1)

2
= 78 ⇒ n2 − n− 256 = 0 ⇒ n = 13.

□
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❆♣❧✐❝❛çã♦ ✼✳ ✭❈❊❙P❊✴❈❊❇❘❆❙P❊✲✷✵✶✸✮ ❊♠ ✉♠❛ ❡s❝♦❧❛ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♦s ❛❧✉♥♦s ❆✱ ❇✱ ❈✱ ❉✱ ❊✱

❋ ❡ ● ❢♦r❛♠ s❡❧❡❝✐♦♥❛❞♦s ♣❛r❛ ♣❛rt✐❝✐♣❛r ❞❛ ❖❧✐♠♣í❛❞❛ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✳ P❛r❛ tr❛♥s♣♦rtá✲❧♦s ❛té

♦ ❧♦❝❛❧ ❞❛ ♣r♦✈❛✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ✷ ✈❡í❝✉❧♦s ✖ ■ ❡ ■■ ✖ ❞❡ ✹ ❛ss❡♥t♦s✱ ❛❧é♠ ❞♦s ❛ss❡♥t♦s ❞♦s ♠♦t♦r✐st❛s✳

◗✉❛tr♦ ❡st✉❞❛♥t❡s ❢♦r❛♠ ♥♦ ✈❡í❝✉❧♦ ■ ❡ ✸✱ ♥♦ ✈❡í❝✉❧♦ ■■✳

❈♦♥s✐❞❡r❡ q✉❡ ♦s ✼ ❛❧✉♥♦s r❡❢❡r✐❞♦s ♥♦ t❡①t♦ ❛❝✐♠❛ t❡♥❤❛♠ s✐❞♦ ❡s❝♦❧❤✐❞♦s ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛ ❡♠

✉♠ ❣r✉♣♦ ❞❡ ✸✷ ❛❧✉♥♦s✳ ◆❡ss❛ s✐t✉❛çã♦✱ é ❝♦rr❡t♦ ❛✜r♠❛r q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ s❡

❢♦r♠❛r ✉♠ ❣r✉♣♦ ❞❡ ✼ ❛❧✉♥♦s ❛ ♣❛rt✐r ❞♦s ✸✷ é ✐❣✉❛❧ ❛

✭❛✮
32!

25!

✭❜✮ 25!

✭❝✮
32!

7!

✭❞✮ 7!

✭❡✮
32!

7! · 25!

❙♦❧✉çã♦✿ P❡r❝❡❜❛ q✉❡✿

❼ t❡♠♦s ✸✷ ♠❛♥❡✐r❛s ♣❛r❛ ❡s❝♦❧❤❡r♠♦s ♦ ✶➸❀

❼ ✸✶ ♣❛r❛ ♦ ✷➸❀

❼ ✸✵ ♣❛r❛ ♦ ✸➸❀

❼ ✷✾ ♣❛r❛ ♦ ✹➸❀

❼ ✷✽ ♣❛r❛ ♦ ✺➸❀

❼ ✷✼ ♣❛r❛ ♦ ✻❀

❼ ✷✻ ♣❛r❛ ♦ ✼➸✳

❆ss✐♠✱ ♣❡❧♦ P❋❈✱ t❡♠♦s✿

32 · 31 · 30 · 29 · 28 · 27 · 26 = 16963914240

P♦ré♠✱ ♥❡ss❡ ❝❛s♦ ❛ ♦r❞❡♠ ❞❡ ❡s❝♦❧❤❛ ♥ã♦ ✐♠♣♦rt❛✱ ❧♦❣♦ ♣r❡❝✐s❛♠♦s ❞❡s❝♦♥s✐❞❡r❛r ❞❡ss❡ t♦t❛❧ t♦❞❛s ❛s

♣❡r♠✉t❛çõ❡s ❢♦r♠❛❞❛s ♣❡❧♦s s❡t❡ ❡s❝♦❧❤✐❞♦s✿

32 · 31 · 30 · 29 · 28 · 27.26

7!
= 3365856.

❖❜s❡r✈❡ q✉❡✱ 32 · 31 · 30 · 29 · 28 · 27 · 26 =
32 · 31 · 30 · 29 · 28 · 27 · 26 · 25!

25!
✳ ▲♦❣♦✱ ❛ q✉❛♥t✐❞❛❞❡

❞❡ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ s❡ ❢♦r♠❛r ✉♠ ❣r✉♣♦ é✿

32!

7! · 25!
.

□

❆♣❧✐❝❛çã♦ ✽✳ ✭❋❈❈✴❚❘❋✲✹➟ ❘❊●■➹❖✴❆◆❆▲■❙❚❆ ❏❯❉■❈■➪❘■❖✴❖❋■❈■❆▲ ❉❊ ❏❯❙❚■➬❆

❆❱❆▲■❆❉❖❘ ❋❊❉❊❘❆▲✴✷✵✶✾✮ ❊♠ ✉♠ ❝♦♥❝✉rs♦ ❝♦♠ ✺ ✈❛❣❛s✱ ♦s ❝❛♥❞✐❞❛t♦s ❛♣r♦✈❛❞♦s s❡rã♦ ❛❧♦❝❛✲

❞♦s✱ ❝❛❞❛ ✉♠✱ ❡♠ ✉♠ ❞♦s ♠✉♥✐❝í♣✐♦s ❆✱ ❇✱ ❈✱ ❉ ♦✉ ❊✳ ❖ ♣r✐♠❡✐r♦ ❝♦❧♦❝❛❞♦ ❢♦✐ ❞❡s✐❣♥❛❞♦ ♣❛r❛ ♦ ♠✉♥✐❝í♣✐♦

❆✳ ❖ ♥ú♠❡r♦ ❞❡ ♣♦ssí✈❡✐s ❛❧♦❝❛çõ❡s ❞♦s ♦✉tr♦s ❝❛♥❞✐❞❛t♦s ❛♣r♦✈❛❞♦s é✿

✭❛✮ ✶✷✵
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✭❜✮ ✷✹

✭❝✮ ✸✵

✭❞✮ ✻

✭❡✮ ✹

❙♦❧✉çã♦✿ P❛r❛ ♦ ♠✉♥✐❝í♣✐♦ ❆ ❤á ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡✱ ✹ ♣❛r❛ ♦ ❇✱ ✸ ♣❛r❛ ♦ ❈✱ ✷ ♣❛r❛ ♦ ❉ ❡ ✉♠❛ ♣❛r❛ ♦ ❊✳

P❡❧♦ P❋❈✱ t❡♠♦s✿

1 · 4 · 3 · 2 · 1 = 24.

□

❆♣❧✐❝❛çã♦ ✾✳ ✭❋●❱✴❉P❊✲❘❖✴❚➱❈◆■❈❖ ❉❆ ❉❊❋❊◆❙❖❘■❆ PÚ❇▲■❈❆✴✷✵✶✺✮ ❈♦♥s✐❞❡r❡ t♦✲

❞❛s ❛s ♣❧❛❝❛s ❞❡ ✈❡í❝✉❧♦s ❞❡s❞❡ ◆❈❉✲✹✵✵✵ ❛té ◆❈❉✲✾✾✾✾✳ ❖ ♥ú♠❡r♦ ❞❡ ♣❧❛❝❛s q✉❡ ♣♦ss✉❡♠ ♦s ❞í❣✐t♦s

t♦❞♦s ❞✐❢❡r❡♥t❡s é✿

✭❛✮ ✷✺✷✵

✭❜✮ ✸✵✷✹

✭❝✮ ✸✺✷✽

✭❞✮ ✸✼✽✻

✭❡✮ ✹✵✸✷

❙♦❧✉çã♦✿ ◆♦t❡ q✉❡✿

❼ P❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r t❡♠♦s ✻ ♦♣çõ❡s ✭✹✱ ✺✱ ✻✱ ✼✱ ✽ ❡ ✾✮❀

❼ P❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ❝❡♥t❡♥❛s t❡♠♦s ✾ ♦♣çõ❡s✱ ♣♦✐s ❥á ❢♦✐ ✉s❛❞♦ ✉♠ ♥♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡

♠✐❧❤❛r❀

❼ P❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ❞❡③❡♥❛s t❡♠♦s ✽ ♦♣çõ❡s✱ ♣♦✐s ❥á ❢♦r❛♠ ✉s❛❞♦s ❞♦✐s✱ ✉♠ ♥♦ ❛❧❣❛r✐s♠♦ ❞❛s

✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r ❡ ♦✉tr♦ ♥❛s ❝❡♥t❡♥❛s❀

❼ P❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s r❡st❛♠ ✼ ♦♣çõ❡s✱ ♣♦✐s ❥á ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s três✱ ✉♠ ♥♦ ❛❧❣❛r✐s♠♦ ❞❛s

✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r✱ ♦✉tr♦ ♥❛s ❝❡♥t❡♥❛s ❡ ♦✉tr♦ ♥❛s ✉♥✐❞❛❞❡s✳

P❡❧♦ P❋❈✱ t❡♠♦s✿

6 · 9 · 8 · 7 = 3024.

□

❆♣❧✐❝❛çã♦ ✶✵✳ ✭❊❙❆❋✴❆❋❘❇✴✷✵✶✷✮ ◆❛ ♣r❛t❡❧❡✐r❛ ❞❡ ✉♠❛ ❡st❛♥t❡✱ ❡♥❝♦♥tr❛♠✲s❡ ✸ ♦❜r❛s ❞❡ ✷ ✈♦❧✉♠❡s

❡ ✷ ♦❜r❛s ❞❡ ✷ ✈♦❧✉♠❡s✱ ❞✐s♣♦♥❞♦✲s❡✱ ♣♦rt❛♥t♦✱ ❞❡ ✉♠ t♦t❛❧ ❞❡ ✶✵ ✈♦❧✉♠❡s✳ ❆ss✐♠✱ ♦ ♥ú♠❡r♦ ❞❡ ❞✐❢❡r❡♥t❡s

♠❛♥❡✐r❛s q✉❡ ♦s ✈♦❧✉♠❡s ♣♦❞❡♠ s❡r ♦r❣❛♥✐③❛❞♦s ♥❛ ♣r❛t❡❧❡✐r❛✱ ❞❡ ♠♦❞♦ q✉❡ ♦s ✈♦❧✉♠❡s ❞❡ ✉♠❛ ♠❡s♠❛

♦❜r❛ ♥✉♥❝❛ ✜q✉❡♠ s❡♣❛r❛❞♦s✱ é ✐❣✉❛❧ ❛✿

✭❛✮ ✸✷✻✵

✭❜✮ ✸✽✹✵

✭❝✮ ✷✽✾✻

✭❞✮ ✶✾✽✻
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✭❡✮ ✶✽✹✷

❙♦❧✉çã♦✿ P♦❞❡♠♦s ♣❡r♠✉t❛r ❛s ❝✐♥❝♦ ♦❜r❛s✱ ♦✉ s❡❥❛✱ (5!)✳ ❈♦♠♦ ❝❛❞❛ ♦❜r❛ é ❢♦r♠❛❞❛ ♣♦r ❞♦✐s ✈♦❧✉♠❡s

q✉❡ ❞❡✈❡♠ ♣❡r♠❛♥❡❝❡r s❡♠♣r❡ ❥✉♥t♦s✱ ❡♥tã♦ ❞❡✈❡♠♦s ♣❡r♠✉t❛r ❡♥tr❡ s✐ ♦s ❞♦✐s ✈♦❧✉♠❡s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s

❝✐♥❝♦ ♦❜r❛s✱ ♦✉ s❡❥❛✱ (2!)5✱ ❆ss✐♠✱ ♣❡❧♦ P❋❈✱ t❡♠♦s✿

5! · (2!)5 = 120 · 32 = 3840.

□

❆♣❧✐❝❛çã♦ ✶✶✳ ✭❋●❱✴❙❊◆❆❉❖ ❋❊❉❊❘❆▲✴❆◆❆▲■❙❚❆ ▲❊●■❙▲❆❚■❱❖✴✷✵✵✽✮ ❊♠ ✉♠❛ r❡✉✲

♥✐ã♦ t♦❞❛s ❛s ♣❡ss♦❛s s❡ ❝✉♠♣r✐♠❡♥t❛r❛♠✱ ❤❛✈❡♥❞♦ ❛♦ t♦❞♦ ✶✷✵ ❛♣❡rt♦s ❞❡ ♠ã♦✳ ❖ ♥ú♠❡r♦ ❞❡ ♣❡ss♦❛s

♣r❡s❡♥t❡s ♥❡ss❛ r❡✉♥✐ã♦ ❢♦✐✿

✭❛✮ ✶✹

✭❜✮ ✶✺

✭❝✮ ✶✻

✭❞✮ ✶✽

✭❡✮ ✷✵

❙♦❧✉çã♦✿

❼ ❙❡❥❛ n ♦ t♦t❛❧ ❞❡ ♣❡ss♦❛s ♣r❡s❡♥t❡s ♥❛ r❡✉♥✐ã♦❀

❼ ❙❡❥❛ (n− 1) ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛♣❡rt♦ q✉❡ ❝❛❞❛ ✉♠❛ ❞á✱ ♣♦✐s✱ ❛ ♣❡ss♦❛ ♥ã♦ ❝✉♠♣r✐♠❡♥t❛ ❛ s❡ ♣ró♣r✐❛

❡❀

❼ ❈♦♠♦ ❛ ♦r❞❡♠ ♥ã♦ ✐♠♣♦rt❛✱ t❡♠♦s q✉❡ ❡❧✐♠✐♥❛r ❛s r❡♣❡t✐çõ❡s✱ ♦✉ s❡❥❛✱ ♦ ❝✉♠♣r✐♠❡♥t♦ ❞❡ ❆ ❝♦♠ ❇

é ♦ ♠❡s♠♦ q✉❡ ❇ ❝♦♠ ❆ ✭❞✐✈✐❞❡ ♦ r❡s✉❧t❛❞♦ ♣♦r ✷✮✳

P♦rt❛♥t♦✱ t❡♠♦s
n(n− 1)

2
= 120 ⇒ n2 − n− 240 = 0 ⇒ n = 16.

□

❆♣❧✐❝❛çã♦ ✶✷✳ ✭❋❈❈✴❉P❊✲❙P✴❆◆❆▲■❙❚❆ ❉❊ ❙■❙❚❊▼❆❙✴✷✵✶✺✮ P❛r❛ ❢♦r♠❛r ✉♠❛ s❡♥❤❛ ❞❡

q✉❛tr♦ ❧❡tr❛s é ♣❡r♠✐t✐❞♦ ♦ ✉s♦ ❞❡ ✉♠❛ ❧❡tr❛ ❆✱ ✉♠❛ ❧❡tr❛ ❇✱ ❞✉❛s ❧❡tr❛s ❈ ❡ três ❧❡tr❛s ❉✳ ❉❡♥tr❡ t♦❞❛s

❛s s❡♥❤❛s ♣♦ssí✈❡✐s ♥❡ss❡ s✐st❡♠❛✱ ♦ ♥ú♠❡r♦ ❞❛q✉❡❧❛s q✉❡ t❡♠ ❡①❛t❛♠❡♥t❡ três ❧❡tr❛s ❞✐❢❡r❡♥t❡s s✉♣❡r❛ ♦

♥ú♠❡r♦ ❞❛s ❞❡♠❛✐s ❡♠

✭❛✮ ✷✽

✭❜✮ ✷✹

✭❝✮ ✹✷

✭❞✮ ✸✻

✭❡✮ ✸✵
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❙♦❧✉çã♦✿ ❚♦❞❛s ❛s s❡♥❤❛s ❝♦♥t❡rã♦ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❧❡tr❛s ❞✐st✐♥t❛s✳ ❯s❛♥❞♦ ❞♦✐s t✐♣♦s ❞❡ ❧❡tr❛s✱

♣♦❞❡♠♦s ♣❡r♠✉t❛r✿

ADDD +BDDD + CDDD + CCDD =
4!

3!
+

4!

3!
+

4!

3!
+

4!

2! · 2!
= 18.

❯s❛♥❞♦ três t✐♣♦s ❞❡ ❧❡tr❛s✱ ♣♦❞❡♠♦s ♣❡r♠✉t❛r✿

ABCC +ABDD +ACDD +ACCD +BCDD +BCCD =
4!

2!
+

4!

2!
+

4!

2!
+

4!

2!
+

4!

2!
+

4!

2!
= 72.

❯s❛♥❞♦ q✉❛tr♦ ❧❡tr❛s ❞✐st✐♥t❛s✱ ♣♦❞❡♠♦s ♣❡r♠✉t❛r✿

ABCD = 4! = 24.

❘❡s♣♦♥❞❡♥❞♦ à ♣❡r❣✉♥t❛✱ t❡r❡♠♦s✱

72− (24 + 18) = 30.

□

❆♣❧✐❝❛çã♦ ✶✸✳ ✭❖❇▼❊P ✕ ✷✵✵✼✮ ❯♠❛ ❢♦r♠✐❣✉✐♥❤❛ q✉❡r s❛✐r ❞♦ ♣♦♥t♦ ❆ ❡ ✐r ❛té ♦ ♣♦♥t♦ ❇ ❞❛ ✜❣✉r❛

■✱ ❛♥❞❛♥❞♦ ❛♣❡♥❛s ♣❡❧♦s ❧❛❞♦s ❞♦ q✉❛❞r❛❞✐♥❤♦ ♥❛ ❤♦r✐③♦♥t❛❧ ♦✉ ♥❛ ✈❡rt✐❝❛❧ ♣❛r❛ ❜❛✐①♦✱ s❡♠ ♣❛ss❛r ❞✉❛s

✈❡③❡s ♣❡❧♦ ♠❡s♠♦ ❧❛❞♦✳ ❆ ✜❣✉r❛ ■■ ✐❧✉str❛ ✉♠ ♣♦ssí✈❡❧ tr❛❥❡t♦ ❞❛ ❢♦r♠✐❣✉✐♥❤❛

❋✐❣✉r❛ ✹✳✶✿ ❚r❛❥❡t♦ ❞❛ ❢♦r♠✐❣✉✐♥❤❛✳

❋♦♥t❡✿ Pr♦✈❛s ❡ s♦❧✉çõ❡s ✭✷✵✵✼✮✳

❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❡❧❛ ♣♦❞❡ ✐r ❞❡ ❆ ❛té ❇❄

✭❛✮ ✶✷✵

✭❜✮ ✷✹✵

✭❝✮ ✸✻✵

✭❞✮ ✹✽✵

✭❡✮ ✼✷✵

❙♦❧✉çã♦✿ ❖ ♦❜❥❡t✐✈♦ ❞❛ ❢♦r♠✐❣❛ ❝♦♥s✐st❡ ❡♠ s❛✐r ❞❡ ❆ ❡ ❝❤❡❣❛r ❡♠ ❇✱ s✉❛s ❞ú✈✐❞❛s ❡stã♦ ♥❛s ♦♣çõ❡s ❞❡

s❡ ❞❡s❧♦❝❛r ✈❡rt✐❝❛❧♠❡♥t❡ ✭♣❛r❛ ❜❛✐①♦✮✱ ♦❜s❡r✈❡ q✉❡✿

❼ ◆♦ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ sã♦ ✹ ♦♣çõ❡s❀

❼ ◆♦ s❡❣✉♥❞♦ ✸ ♦♣çõ❡s❀
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❼ ◆♦ t❡r❝❡✐r♦ ✺ ♦♣çõ❡s❀

❼ ◆♦ q✉❛rt♦ ✸ ♦♣çõ❡s❀

❼ ◆♦ q✉✐♥t♦ ✹ ♦♣çõ❡s✳

P❡❧♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ t❡♠♦s✿

4 · 3 · 5 · 3 · 4 = 720.

P♦rt❛♥t♦✱ ❛ ❢♦r♠✐❣✉✐♥❤❛ t❡rá ✼✷✵ ♦♣çõ❡s✳ □

❆♣❧✐❝❛çã♦ ✶✹✳ ✭❖❇▼❊P✲✷✵✶✾✮ ❆ rã ❩✐♥③❛ q✉❡r ✐r ❞❛ ♣❡❞r❛ ✶ ❛té ❛ ♣❡❞r❛ ✶✵ ❡♠ ❝✐♥❝♦ ♣✉❧♦s✱ ♣✉❧❛♥❞♦

❞❡ ✉♠❛ ♣❡❞r❛ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ♦✉ ♣♦r ❝✐♠❛ ❞❡ ✉♠❛ ♦✉ ❞❡ ❞✉❛s ♣❡❞r❛s✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s

❩✐♥③❛ ♣♦❞❡ ❢❛③❡r ✐ss♦❄

❋✐❣✉r❛ ✹✳✷✿ ❈❛♠✐♥❤♦ ❞❛ rã ❩✐♥③❛✳

❋♦♥t❡✿ Pr♦✈❛s ❡ s♦❧✉çõ❡s ✭✷✵✶✾✮✳

✭❛✮ ✶✵

✭❜✮ ✸✺

✭❝✮ ✹✺

✭❞✮ ✽✹

✭❡✮ ✶✷✻

❙♦❧✉çã♦✿ P♦r t❡♥t❛t✐✈❛s✱ ❝♦♥st❛t❛♠♦s ♦s ♣♦ssí✈❡✐s ❝❛s♦s ❞❡ ♣✉❧♦s✿

✶➸✮ ✶✰✷✰✷✰✷✰✷✳

✷➸✮ ✶✰✶✰✷✰✷✰✸✳

✸➸✮ ✶✰✶✰✶✰✸✰✸✳

❊♠ t♦❞♦s ♦s ❝❛s♦s ❛ ♦r❞❡♠ ❞♦s ♣✉❧♦s ♣♦❞❡ ✈❛r✐❛r✱ ❞❛í t❡♠♦s✿

✶➸ ❝❛s♦✿ ❞♦s ❝✐♥❝♦ ♣✉❧♦s✱ q✉❛tr♦ s❡ r❡♣❡t❡♠✱ ❞❛í ❛♦ ❝♦♥t❛r♠♦s t❡r❡♠♦s q✉❡ ❡❧✐♠✐♥❛r ❛s ♣❡r♠✉t❛çõ❡s

❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ♦s q✉❛tr♦ q✉❡ s❡ r❡♣❡t❡♠✳ P❡❧♦ P❋❈✱ t❡♠♦s✿

5!

4!
= 5.

✷➸ ❝❛s♦✿ ❉♦s ❝✐♥❝♦ ♣✉❧♦s✱ ❞♦✐s sã♦ ❞❡ ✶ ❡♠ ✶ ❡✱ ❞♦✐s ❞❡ ✷ ❡♠ ✷✱ ❞❛í ❛♦ ❝♦♥t❛r♠♦s t❡r❡♠♦s q✉❡ ❡❧✐♠✐♥❛r

❛s ♣❡r♠✉t❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ♦s ❞❡ ✶ ❡ ❛♣❡♥❛s ♦s ❞❡ ✷✳ P❡❧♦ P❋❈✱ t❡♠♦s✿

5!

2! · 2!
= 30.

✸➸ ❝❛s♦✿ ❉♦s ❝✐♥❝♦ ♣✉❧♦s✱ três sã♦ ❞❡ ✶ ❡♠ ✶ ❡ ♦s ♦✉tr♦s ❞♦✐s ❞❡ ✸ ❡♠ ✸✱ ❞❛í ❛♦ ❝♦♥t❛r♠♦s t❡r❡♠♦s q✉❡

❡❧✐♠✐♥❛r ❛s ♣❡r♠✉t❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ♦s ❞❡ ✶ ❡ ❛♣❡♥❛s ♦s ❞❡ ✸✳ P❡❧♦ P❋❈✱ t❡♠♦s✿

5!

3! · 2!
= 10.
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▲♦❣♦✱ ❤á ✹✺ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ ❩✐♥③❛ ❡①❡❝✉t❛r ♦ ♣❡r❝✉rs♦ ❡♠ ❝✐♥❝♦ ♣✉❧♦s✳ □

❆♣❧✐❝❛çã♦ ✶✺✳ ◗✉❛♥t♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ♣❛r❡s ❞❡ q✉❛tr♦ ❞í❣✐t♦s ❡ ❞❡ ❛❧❣❛r✐s♠♦s ❞✐st✐♥t♦s ♣♦❞❡♠♦s

❢♦r♠❛r❄

❙♦❧✉çã♦✿ ❙❛❜❡♠♦s q✉❡ ✉♠ ♥ú♠❡r♦ é ♣❛r q✉❛♥❞♦ t❡r♠✐♥❛ ❡♠ ✵✱ ✷✱ ✹✱ ✻ ♦✉ ✽✱ ♣♦ré♠ ♦ ♥ú♠❡r♦ ♥ã♦

♣♦❞❡ ✐♥✐❝✐❛r ❝♦♠ ③❡r♦✱ ♣♦✐s ❝❛s♦ ✐♥✐❝✐❡ ❝♦♠ ③❡r♦ s❡r✐❛ ✉♠ ♥ú♠❡r♦ ❝♦♠ três ❛❧❣❛r✐s♠♦s✳ ❱❛♠♦s r❡s♦❧✈❡r ♦

♣r♦❜❧❡♠❛ ❡♠ ❞✉❛s ❡t❛♣❛s✳

Pr✐♠❡✐r♦ ❝❛❧❝✉❧❡♠♦s q✉❛♥t♦s ♥ú♠❡r♦s ❞✐st✐♥t♦s ❞❡ q✉❛tr♦ ❛❧❣❛r✐s♠♦s t❡r♠✐♥❛♠ ❝♦♠ ③❡r♦✳ P❛r❛

❛ ❡s❝♦❧❤❛ ❞♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r ❤á ✾ ♣♦ss✐❜✐❧✐❞❛❞❡s❀ ✽ ♣❛r❛ ♦ ❞❛s ❝❡♥t❡♥❛s✱ ♣♦✐s ❥á ❢♦r❛♠

✉t✐❧✐③❛❞♦s ❞♦✐s ❡✱ s❡t❡ ♣❛r❛ ♦ ❞❛s ❞❡③❡♥❛s✱ ♣♦✐s ❥á ❢♦r❛♠ ✉t✐❧✐③❛❞♦s três✳ ❉❛í✱ t❡♠♦s✿

9 · 8 · 7 · 1 = 504.

❈❛❧❝✉❧❛♥❞♦ q✉❛♥t♦s t❡r♠✐♥❛ ❡♠ ✷✱ ✹✱ ✻ ♦✉ ✽✿ sã♦ q✉❛tr♦ ♦♣çõ❡s ♣❛r❛ ♦❝✉♣❛r ♦ ❛❧❣❛r✐s♠♦ ❞❛s

✉♥✐❞❛❞❡s❀ ♦✐t♦ ♣❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r✱ ❡①❝❡t♦ ♦ ③❡r♦ ❡ ♦✉tr♦ ♥ú♠❡r♦ ♣❛r❀ ♦✐t♦ t❛♠❜é♠

♣❛r❛ ♦ ❞❛s ❝❡♥t❡♥❛s ❡ s❡t❡ ♣❛r❛ ♦ ❞❛s ❞❡③❡♥❛s✱ t♦t❛❧✐③❛♥❞♦

8 · 8 · 7 · 4 = 1792

♥ú♠❡r♦s ♣❛r❡s q✉❡ ♥ã♦ t❡r♠✐♥❛♠ ❝♦♠ ③❡r♦✳

P♦rt❛♥t♦✱ t❡♠♦s 504 + 1792 = 2296 ♥ú♠❡r♦s ♣❛r❡s ❡ ❞✐st✐♥t♦s ❢♦r♠❛❞♦ ♣♦r q✉❛tr♦ ❛❧❣❛r✐s♠♦s

❞✐st✐♥t♦s✳ □

❆♣❧✐❝❛çã♦ ✶✻✳ ◗✉❛♥t♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❞❡ ✺ ❛❧❣❛r✐s♠♦s ❞✐st✐♥t♦s✱ q✉❡ s❡❥❛♠ ♠❡♥♦r❡s q✉❡ ✹✵✵✵✵ sã♦

❞✐✈✐sí✈❡✐s ♣♦r ✺❄

❙♦❧✉çã♦✿ ❖❜s❡r✈❡ q✉❡❀

❼ ❙ã♦ ❞✉❛s ♦♣çõ❡s ♣❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ✭✵ ♦✉ ✺✮❀

❼ P❛r❛ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ❞❡③❡♥❛s ❞❡ ♠✐❧❤❛r sã♦ três ✭✶✱✷ ♦✉ ✸✮❀

❼ ✽ ♣❛r❛ ♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r ✭♣♦✐s ❥á ❢♦r❛♠ ✉s❛❞♦s ❞♦✐s✮❀

❼ ✼ ♣❛r❛ ♦ ❞❛s ❝❡♥t❡♥❛s ✭♣♦✐s ❥á ❢♦r❛♠ ✉s❛❞♦s três✮❀

❼ ✻ ♣❛r❛ ♦ ❞❛s ❞❡③❡♥❛s ✭♣♦✐s ❥á ❢♦r❛♠ ✉s❛❞♦s q✉❛tr♦✮✳

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✱ t❡♠♦s✿

3 · 8 · 7 · 6 · 2 = 2016.

▲♦❣♦✱ ❤á ✷✵✶✻ ♠ú❧t✐♣❧♦s ♥❛t✉r❛✐s ❞❡ ✺ ❡ ♠❡♥♦r❡s q✉❡ ✹✵✵✵✵✱ ❢♦r♠❛❞♦ ♣♦r ❝✐♥❝♦ ❛❧❣❛r✐s♠♦s ❞✐st✐♥t♦s✳

□

❆♣❧✐❝❛çã♦ ✶✼✳ ◆✉♠❛ ❧❛♥❝❤♦♥❡t❡ ❤á três t✐♣♦s ❞❡ r❡❢r✐❣❡r❛♥t❡ ❬❈♦❝❛ ✭❈✮✱ ❙♦❞❛ ✭❙✮ ❡ ❋❛♥t❛ ✭❋✮❪ ❞❡ q✉❛♥t♦s

♠♦❞♦s ♣♦❞❡♠♦s ❝♦♠♣r❛r ✹ ❞❡ss❡s r❡❢r✐❣❡r❛♥t❡s❄

❙♦❧✉çã♦✿ ❙❡❥❛ c = ♥➸ ❞❡ ❈♦❝❛✱ s = ♥➸ ❞❡ ❙♦❞❛ ❡ f = ♥➸ ❞❡ ❋❛♥t❛✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

c+ s+ f = 4.
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▼❛♥t❡♥❞♦ ❛ ♦r❞❡♠ c✱ s✱ f ❡ ❝♦♥s✐❞❡r❛♥❞♦ x ❝♦♠♦ s❡♥❞♦ ❛ ✉♥✐❞❛❞❡ s✐♠❜ó❧✐❝❛ ♣❛r❛ ❝❛❞❛ r❡❢r✐❣❡r❛♥t❡✱ t❡♠♦s

✈ár✐♦s ♠♦❞♦s ❞❡ ❢❛③❡r♠♦s ❡ss❛ ❡s❝♦❧❤❛✱ ♣♦r ❡①❡♠♣❧♦✿

x+ x+ xx (1c+ 1s+ 2f)

xx++xx (2c+ 0s+ 2f)

+xxxx+ (0c+ 4s+ 0f)

❖❜s❡r✈❡ q✉❡ ❡♠ ❝❛❞❛ ❝❛s♦ t❡♠♦s s❡✐s ❡❧❡♠❡♥t♦s✱ s❡♥❞♦ q✉❛tr♦ x ❡ ❞♦✐s s✐♥❛✐s ❞❡ +✳ ▲♦❣♦✱ ♣❡r♠✉t❛♥❞♦✲

s❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s t❡♠♦s 6! ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ♠❛s ❞❡ss❡ t♦t❛❧ t❡♠♦s q✉❡ ❞❡s❝♦♥s✐❞❡r❛r ❛s ♣❡r♠✉t❛çõ❡s

❝♦♥t❛❜✐❧✐③❛❞❛s q✉❡ ❧❡✈❛♠ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ♦r❞❡♠ ❞♦s q✉❛tr♦ x ✭4!✮ ❡ ❞♦s ❞♦✐s s✐♥❛✐s ❞❡ + ✭2!✮✱ ❥á q✉❡

♥ã♦ s❡ ❝♦♥s✐❞❡r❛ ❛ ♦r❞❡♠ ❡♥tr❡ ❡❧❡s✳ P♦rt❛♥t♦✱ ♣❡❧♦s P❋❈ ✲ ✶➟ ❡ ✷➟ ♣❛rt❡✱ ♦❜t❡♠♦s✿

6!

4! · 2!
=

6 · 5 · 4!

4! · 2
= 15

♠♦❞♦s ❞❡ ❝♦♠♣r❛r ♦s r❡❢r✐❣❡r❛♥t❡s✳ □

❆♣❧✐❝❛çã♦ ✶✽✳ ◗✉❛♥t❛s sã♦ ❛s ❞✐s♣♦s✐çõ❡s ✜♥❛✐s ❞✐st✐♥t❛s ♣♦ssí✈❡✐s ❡♠ ✉♠ ✏❥♦❣♦ ❞❛ ✈❡❧❤❛✑ ✐♥✐❝✐❛❞♦ ❝♦♠ ❳

❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ t♦❞♦s ♦s ❡s♣❛ç♦s s❡❥❛♠ ♣r❡❡♥❝❤✐❞♦s❄ ❖❜s❡r✈❛çã♦✿ ♥ã♦ ❞❡✈❡ s❡r ❧❡✈❛❞❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦

❛ ♦r❞❡♠ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦✱ ❛ss✐♠ ❝♦♠♦ r♦t❛çõ❡s ❞♦ ❞✐❛❣r❛♠❛ ✭❝♦♥s✐❞❡r❡✲♦ ✜①♦ ♥✉♠❛ ♠❡s♠❛ ♣♦s✐çã♦✮

❋✐❣✉r❛ ✹✳✸✿ ❏♦❣♦ ❞❛ ✈❡❧❤❛✳

❋♦♥t❡✿ Pr♦❜❧❡♠ã♦✿ ❏♦❣♦ ❞❛ ✈❡❧❤❛✳

❙♦❧✉çã♦✿ ❙ã♦ ✾ ♣♦s✐çõ❡s ❛ s❡r❡♠ ♣r❡❡♥❝❤✐❞❛s (9!)✱ s❡♥❞♦ ✺ ❝♦♠ ❳ (5!) ❡ ✹ ❝♦♠ ❖ (4!)✳ ❈♦♠♦ ❛ tr♦❝❛

❞❡ ♣♦s✐çõ❡s ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ❳ ♦✉ q✉❛✐sq✉❡r ❞♦✐s ❖ ♥ã♦ r❡s✉❧t❛ ♥✉♠❛ ♥♦✈❛ ❝♦♥✜❣✉r❛çã♦✱ t❡♠♦s q✉❡

r❡t✐r❛r ❡ss❡ ❡①❝❡ss♦ ❞♦ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s (9!)✱ ♦✉ s❡❥❛✱

9!

5! · 4!
= 126.

□

❆♣❧✐❝❛çã♦ ✶✾✳ ◆✉♠ ❣r✉♣♦ ❞❡ ❞❡③ ❝❛s❛✐s✱ ❞❡ q✉❛♥t♦s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❡ ❞✐s♣♦r ❝✐♥❝♦

❞❡ss❡s ❝❛s❛✐s ❡♠ t♦r♥♦ ❞❡ ✉♠❛ ♠❡s❛ ❝✐r❝✉❧❛r❄

❙♦❧✉çã♦✿ ❱❛♠♦s ♣r✐♠❡✐r♦ ❡s❝♦❧❤❡r ♦s ❝✐♥❝♦ ❝❛s❛✐s✱ ♣❛r❛ ✐ss♦ t❡♠♦s✿

❼ ✶✵ ♦♣çõ❡s ♣❛r❛ s❡ ❡s❝♦❧❤❡r ♦ ♣r✐♠❡✐r♦❀

❼ ✾ ♦♣çõ❡s ♣❛r❛ s❡ ❡s❝♦❧❤❡r ♦ s❡❣✉♥❞♦❀

❼ ✽ ♦♣çõ❡s ♣❛r❛ s❡ ❡s❝♦❧❤❡r ♦ t❡r❝❡✐r♦❀

❼ ✼ ♦♣çõ❡s ♣❛r❛ s❡ ❡s❝♦❧❤❡r ♦ q✉❛rt♦❀

❼ ✻ ♦♣çõ❡s ♣❛r❛ s❡ ❡s❝♦❧❤❡r ♦ q✉✐♥t♦✳
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P❡❧♦ P❋❈ ✲ ✷➟ ♣❛rt❡✱ ❝♦♠♦ ❛ ♦r❞❡♠ ♥ã♦ ✐♠♣♦rt❛✱ t❡♠♦s

10 · 9 · 8 · 7 · 6

5!
= 252.

❆❣♦r❛ ✈❛♠♦s ❞✐s♣♦r ♦s ❝✐♥❝♦ ❝❛s❛✐s ❡s❝♦❧❤✐❞♦s ❡♠ t♦r♥♦ ❞❛ ♠❡s❛ ❝✐r❝✉❧❛r

❼ ❍á ✉♠❛ ♠❛♥❡✐r❛ ❞❡ s❡ ❝♦❧♦❝❛r ♦ ♣r✐♠❡✐r♦ ❝❛s❛❧❀

❼ ❍á ✉♠❛ ♠❛♥❡✐r❛ ❞❡ s❡ ❝♦❧♦❝❛r ♦ s❡❣✉♥❞♦ ❝❛s❛❧❀

❼ ❍á ❞✉❛s ♠❛♥❡✐r❛s ❞❡ s❡ ❝♦❧♦❝❛r ♦ t❡r❝❡✐r♦ ❝❛s❛❧❀

❼ ❍á três ♠❛♥❡✐r❛s ❞❡ s❡ ❝♦❧♦❝❛r ♦ q✉❛rt♦ ❝❛s❛❧❀

❼ ❍á q✉❛tr♦ ♠❛♥❡✐r❛s ❞❡ s❡ ❝♦❧♦❝❛r ♦ q✉✐♥t♦ ❝❛s❛❧❀

P❡❧♦ P❋❈ ✲ ✷➟ ♣❛rt❡✱ t❡♠♦s✿

1 · 1 · 2 · 3 · 4 = 24.

❈♦♠♦ ❝❛❞❛ ❝❛s❛❧ ♣♦❞❡ ♣❡r♠✉t❛r ❡♥tr❡ s✐✱ t❡♠♦s✿

24 · 2 = 48.

P♦rt❛♥t♦✱ t❡r❡♠♦s

252 · 48 = 12096

♣♦ss✐❜✐❧✐❞❛❞❡s✳ □

❆♣❧✐❝❛çã♦ ✷✵✳ ✭■❋P❇✴❙❡❧❡çã♦ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛✴✷✵✶✼✮ ◗✉❛♥t♦s sã♦ ♦s ❛♥❛❣r❛♠❛s

❞❛ ♣❛❧❛✈r❛ ▲❆P▲❆❈❊ q✉❡ ❝♦♠❡ç❛♠ ♣♦r ✈♦❣❛❧❄

✭❛✮ ✶✽✵

✭❜✮ ✸✻✵

✭❝✮ ✺✹✵

✭❞✮ ✶✹✹✵

✭❡✮ ✺✵✹✵

❙♦❧✉çã♦✿ P❡r❝❡❜❛ q✉❡ t❡♠♦s ✈♦❣❛✐s r❡♣❡t✐❞❛s✱ ♥♦ ❝❛s♦ ❛ ✈♦❣❛❧ ❆✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❡✈❡♠♦s s❡♣❛r❛r ❡♠ ❞♦✐s

❝❛s♦s✿

❼ ♦ ♣r✐♠❡✐r♦ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ❛ ✈♦❣❛❧ ❆✳ ◆♦t❡ q✉❡✱ ✐♥✐❝✐❛♥❞♦ ♣♦r ❆✱ t❡♠♦s ✉♠❛ ❞♦s ❆ ✜①♦ ❡ ♦✉tr♦

♣❡r♠✉t❛rá ❝♦♠ ❛s ✺ ❧❡tr❛s r❡st❛♥t❡s✳ ❆ss✐♠✱ ♣❡❧♦s Pr♦♣♦s✐çõ❡s ✷ ❡ ✸✱ t❡♠♦s 1 · 6! ❛♥❛❣r❛♠❛s✳

P♦ré♠✱ ❞❡♥tr♦ ❞❡ss❡s✱ ❡①✐st❡♠ ❝♦♠❜✐♥❛çõ❡s r❡♣❡t✐❞❛s q✉❡ s❡ ♦r✐❣✐♥❛♠ ❞❛s ♣❡r♠✉t❛çõ❡s ❡♥tr❡ s✐ ❞♦s

❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✱ ❛ s❛❜❡r✱ ❞❛ ❝♦♥s♦❛♥t❡ ▲ ✭2!✮✳ ▲♦❣♦ ♣❛r❛ ❡❧✐♠✐♥❛r♠♦s ❡ss❛ ❝♦♥t❛❣❡♠ ❡①❝❡ss✐✈❛

❜❛st❛ r❡❛❧✐③❛r♠♦s ❛ ♦♣❡r❛çã♦ ✐♥✈❡rs❛ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ ✐st♦ é✱

1 · 6!

2!
= 360.

❼ ♦ s❡❣✉♥❞♦ ✐♥✐❝✐❛♥❞♦ ♣♦r ❛ ✈♦❣❛❧ ❊✳ ❆ss✐♠✱ r❡st❛♠ ✻ ❧❡tr❛s ♣❛r❛ s❡ ♣❡r♠✉t❛r❡♠✱ ❧♦❣♦ ♣❡❧♦ P❋❈✬s✱

t❡♠♦s 1 · 6!✳ ▼❛s✱ t❡♠♦s ❞♦✐s ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✱ ❞♦✐s ❆ ❡ ❞♦✐s ▲✱ ❞❡ss❛ ❢♦r♠❛ ♣❛r❛ r❡t✐r❛r ♦s

❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s ❞❡✈❡♠♦s ❞✐✈✐❞✐r ♦ t♦t❛❧ ❞❡ ❛♥❛❣r❛♠❛s ✭1 · 6!✮✱ ♣♦r 2! · 2! q✉❡ sã♦ ♦ t♦t❛❧ ❞❡
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❛♥❛❣r❛♠❛s ❢♦r♠❛❞♦s ♣❡❧❛s ♣❡r♠✉t❛çõ❡s ❞♦s ❆ ❡ ▲✱ ♦✉ s❡❥❛✱ ♦s ❛♥❛❣r❛♠❛s q✉❡ ♥ã♦ ❢♦r♠❛♠ ♥♦✈♦s

❞✐st✐♥t♦s✳ P♦rt❛♥t♦✱ t❡♠♦s

1 · 6!

2! · 2!
= 180 ❛♥❛❣r❛♠❛s q✉❡ ✐♥✐❝✐❛♠ ❝♦♠ ❊✳

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❛❞✐t✐✈♦✱ ❡①✐st❡♠ 360 + 180 = 540 ❛♥❛❣r❛♠❛s ❞❛ ♣❛❧❛✈r❛ ▲❆P▲❆❈❊ q✉❡

❝♦♠❡ç❛ ♣♦r ✈♦❣❛❧✳ ■st♦ é✱ ❛ ❛❧t❡r♥❛t✐✈❛ ❊✳ □

❆♣❧✐❝❛çã♦ ✷✶✳ ✭■❋P❇✴❙❡❧❡çã♦ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛✴✷✵✶✼✮ ❆♥t❡s ❞❡ r❡s♦❧✈❡r ✉♠❛

♣r♦✈❛ ❝♦♠ ✶✵ q✉❡stõ❡s ❝♦♠ ✺ ❛❧t❡r♥❛t✐✈❛s ❝❛❞❛✱ ❏♦ã♦③✐♥❤♦ t❡✈❡ ✉♠❛s ❞✐❝❛s q✉❡ ❞✐③✐❛♠ ♦ s❡❣✉✐♥t❡✿ ✏❛

r❡s♣♦st❛ ❞❡ ♥❡♥❤✉♠❛ q✉❡stã♦ é ❛ ❧❡tr❛ ❇✱ ❡①❝❡t♦ ♣♦ss✐✈❡❧♠❡♥t❡ ❛ ♣r✐♠❡✐r❛ q✉❡stã♦ ❡ ❞✉❛s q✉❡stõ❡s

s❡❣✉✐❞❛s ♥ã♦ t❡♠ ❛ ♠❡s♠❛ r❡s♣♦st❛✑✳ ◗✉❛❧ ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ r❡s♣♦st❛s ❞✐❢❡r❡♥t❡s ❥♦ã♦③✐♥❤♦ ♣♦❞❡ t❡r

❞❛❞♦ r❡s♣❡✐t❛♥❞♦ ❛s ❞✐❝❛s❄

✭❛✮ 20 · 38

✭❜✮ 4 · 39

✭❝✮ 5 · 39

✭❞✮ 25 · 38

✭❡✮ 24 · 38

❙♦❧✉çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞✐✈✐❞✐r❡♠♦s ❛ s✐t✉❛çã♦ ❡♠ ❞♦✐s ♠♦♠❡♥t♦✿ ♦ ♣r✐♠❡✐r♦✱ ❡♠ q✉❡ ❛ ♣r✐♠❡✐r❛ q✉❡stã♦

♣♦ss✉✐ ❝♦♠♦ ❛❧t❡r♥❛t✐✈❛ ❛ ❧❡tr❛ ❇ ❡ ♦ s❡❣✉♥❞♦ ♠♦♠❡♥t♦✱ ♦ q✉❛❧ ❛ ❛❧t❡r♥❛t✐✈❛ ❞❛ ♣r✐♠❡✐r❛ q✉❡stã♦ ♥ã♦ é

❛ ❧❡tr❛ ❇✳

P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ t❡♠♦s✿

❼ ✶ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ q✉❡stã♦✱ ♣♦✐s é ❛ ❧❡tr❛ ❇❀

❼ ✹ ❡s❝♦❧❤❛s ♣♦ssí✈❡✐s ♣❛r❛ ❛ s❡❣✉♥❞❛ q✉❡stã♦✱ ♣♦✐s ♣♦❞❡ s❡r ❛ ❧❡tr❛ ❆✱ ❈✱ ❉✱ ♦✉ ❊✳

❼ ✸ ❡s❝♦❧❤❛s ♣❛r❛ ❛ t❡r❝❡✐r❛ q✉❡stã♦✱ ♣♦rq✉❡ ♥ã♦ ♣♦❞❡ s❡r ❛ ❧❡tr❛ ❇ ❡ ♥❡♠ ❛ ❧❡tr❛ ❞❛ r❡s♣♦st❛ ❞❛

q✉❡stã♦ ❛♥t❡r✐♦r✳ ❊ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ♦❝♦rr❡ ♣❛r❛ ❛s ❞❡♠❛✐s q✉❡stõ❡s✳

❆ss✐♠✱ ♣❡❧♦ P❋❈ ✲ ✶➟ ♣❛rt❡✱ t❡♠♦s✿

1 · 4 · 3 · 3 · 3 · 3 · 3 · 3 · 3 · 3 = 4 · 38

P❛r❛ ♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♦❜t❡♠♦s✿

❼ ✹ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ q✉❡stã♦✱ ♣♦✐s ♥ã♦ é ❛ ❧❡tr❛ ❇❀

❼ ✸ ❡s❝♦❧❤❛s ♣❛r❛ ❛ s❡❣✉♥❞❛ q✉❡stã♦✱ ♣♦rq✉❡ ♥ã♦ ♣♦❞❡ s❡r ❛ ❧❡tr❛ ❇ ❡ ♥❡♠ ❛ ❧❡tr❛ ❞❛ r❡s♣♦st❛ ❞❛

q✉❡stã♦ ❛♥t❡r✐♦r✳ ❊ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ♦❝♦rr❡ ♣❛r❛ ❛s ❞❡♠❛✐s q✉❡stõ❡s✳

▲♦❣♦✱ ♣❡❧♦ P❋❈ ✲ ✶➟ ♣❛rt❡✱ t❡♠♦s✿

4 · 3 · 3 · 3 · 3 · 3 · 3 · 3 · 3 · 3 = 4 · 39.

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❆❞✐t✐✈♦✱ ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ r❡s♣♦st❛s ♣♦ssí✈❡✐s é✿

4 · 38 + 4 · 39 = 4 · 38 · (1 + 3)

= 4 · 4 · 38

= 24 · 38.
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❉❡ss❛ ❢♦r♠❛✱ ❛ ❛ss❡rt✐✈❛ ❝♦rr❡t❛ é ❛ ❧❡tr❛ ❊✳ □

❆♣❧✐❝❛çã♦ ✷✷✳ ✭Pr♦❢♠❛t✲❊◆❆✲✷✵✷✶✮ ◗✉❛♥t♦s ♥ú♠❡r♦s ❞❡ três ❛❧❣❛r✐s♠♦s ♣♦ss✉❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s

❞í❣✐t♦s ❝♦♥s❡❝✉t✐✈♦s ✐❣✉❛✐s❄

✭❛✮ ✾✵

✭❜✮ ✶✵✵

✭❝✮ ✶✼✶

✭❞✮ ✶✽✵

✭❡✮ ✷✼✶

❙♦❧✉çã♦✿ ◆♦t❡ q✉❡✱ t❡♠♦s três ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❼ ♦s três ❛❧❣❛r✐s♠♦s ✐❣✉❛✐s✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ✾ ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ♣♦✐s ♦ ❛❧❣❛r✐s♠♦ ❞❛s ❝❡♥t❡♥❛s ♥ã♦

♣♦❞❡ ✐♥✐❝✐❛r ♣♦r ✵✳

❼ ♦s ❞♦✐s ♣r✐♠❡✐r♦s ❞í❣✐t♦s ✐❣✉❛✐s ❡ ♦ t❡r❝❡✐r♦ ❞✐❢❡r❡♥t❡✳ ◆❡ss❡ ❝❛s♦✱ ❝♦♠♦ ♦ ❞í❣✐t♦ ❞❛s ❝❡♥t❡♥❛s ♣♦❞❡

s❡r q✉❛❧q✉❡r ❛❧❣❛r✐s♠♦ ❞✐❢❡r❡♥t❡ ❞❡ ✵✱ ♦ ❞❛s ❞❡③❡♥❛s ❞❡✈❡ s❡r ✐❣✉❛❧ ❛♦ ❞❛s ❝❡♥t❡♥❛s ❡ ♦ ú❧t✐♠♦ ❞í❣✐t♦

♣♦❞❡ s❡r q✉❛❧q✉❡r ❛❧❣❛r✐s♠♦ ❞✐❢❡r❡♥t❡ ❞♦s ❛♥t❡r✐♦r❡s✱ t❡♠♦s 9 · 1 · 9 = 81 ♥ú♠❡r♦s✳

❼ ♦ ♣r✐♠❡✐r♦ ❞í❣✐t♦ ❞✐st✐♥t♦ ❞♦s ♦✉tr♦s ❞♦✐s ✐❣✉❛✐s✳ ◆❡st❡ ❝❛s♦✱ ♥♦✈❛♠❡♥t❡ ♦ ❞í❣✐t♦ ❞❛s ❝❡♥t❡♥❛s é

q✉❛❧q✉❡r ❛❧❣❛r✐s♠♦ ❡①❝❡t♦ ♦ ✵✱ ♦ ❞❛s ❞❡③❡♥❛s ♣♦❞❡ s❡r q✉❛❧q✉❡r ❛❧❣❛r✐s♠♦ ❞✐❢❡r❡♥t❡ ❞♦ ❞❛s ❝❡♥t❡♥❛s

❡ ♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡✈❡ s❡r ✐❣✉❛❧ ❛♦ ❞❛s ❞❡③❡♥❛s✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠♦s 9 · 9 · 1 = 81 ♥ú♠❡r♦s✳

P♦rt❛♥t♦✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❛❞✐t✐✈♦✱ t❡♠♦s 9+81+81 = 171 ♥ú♠❡r♦s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦ ♣r♦❜❧❡♠❛✳

❊✱ ❝♦♠ ✐ss♦✱ ❛ ❛ss❡rt✐✈❛ ❝♦rr❡t❛ é ❛ ❧❡tr❛ ❈✳ □

❆♣❧✐❝❛çã♦ ✷✸✳ ✭Pr♦❢♠❛t✲❊◆❆✲✷✵✷✶✮ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❡ ♣♦ssí✈❡❧ ♣♦s✐❝✐♦♥❛r ❞✉❛s ♣❡ç❛s ✭✉♠

tr✐❛♥❣✉❧♦ ❜r❛♥❝♦ ❡ ✉♠ ❝ír❝✉❧♦ ♣r❡t♦✮ s♦❜r❡ ✉♠ t❛❜✉❧❡✐r♦ 8 × 8 ❝♦♠♦ ♦ ❞❛ ✜❣✉r❛ s❡ ♦ tr✐â♥❣✉❧♦ ❜r❛♥❝♦

só ♣♦❞❡ ♦❝✉♣❛r ❝❛s❛s ♣r❡t❛s✱ ♦ ❝ír❝✉❧♦ ♣r❡t♦ s♦ ♣♦❞❡ ♦❝✉♣❛r ❝❛s❛s ❜r❛♥❝❛s ❡ ❛s ❞✉❛s ♣❡ç❛s ♥ã♦ ♣♦❞❡♠

♦❝✉♣❛r ❝❛s❛s ❛❞❥❛❝❡♥t❡s❄

❋✐❣✉r❛ ✹✳✹✿ ❚❛❜✉❧❡✐r♦✳

❋♦♥t❡✿ Pr♦✈❛s ✭✷✵✷✶✮

✭❛✮ ✻✹

✭❜✮ ✷✷✽

✭❝✮ ✽✾✻

✭❞✮ ✾✶✷

✭❡✮ ✶✵✷✹
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❙♦❧✉çã♦✿ ◆♦t❡ q✉❡✱ ❡①✐st❡♠ ❛♣❡♥❛s três ♠❛♥❡✐r❛s ❞❡ ♣♦s✐❝✐♦♥❛r ♦ tr✐â♥❣✉❧♦ ❜r❛♥❝♦✿ ♥♦ ❝❛♥t♦✱ ♥❛ ❜♦r❞❛

♦✉ ♥♦ ✐♥t❡r✐♦r ❞♦ t❛❜✉❧❡✐r♦✳

❼ P♦s✐❝✐♦♥❛♥❞♦ ♦ tr✐â♥❣✉❧♦ ❜r❛♥❝♦ ♥♦ ❝❛♥t♦✱ ♦✉ s❡❥❛✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❥á q✉❡ ❡❧❡ só ♣♦❞❡

♦❝✉♣❛r ❛s ❝❛s❛s ♣r❡t❛s✳ ❆ss✐♠✱ r❡st❛♠ ✸✵ ❝❛s❛s ❜r❛♥❝❛s ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ♦ ❝ír❝✉❧♦ ♣r❡t♦✱ ✉♠❛

✈❡③ q✉❡ ♥ã♦ ♣♦❞❡r s❡r ♣♦s✐❝✐♦♥❛❞♦ ❡♠ ♥❡♥❤✉♠❛ ❞❛s ❞✉❛s ❝❛s❛s ❜r❛♥❝❛s ❛❞❥❛❝❡♥t❡s ❛q✉❡❧❛ ♥❛ q✉❛❧

s❡ ❡♥❝♦♥tr❛ ♦ tr✐â♥❣✉❧♦ ❜r❛♥❝♦✳ ❆ss✐♠✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ❤á 2 · 30 = 60 ♠❛♥❡✐r❛s ❞❡

❛rr✉♠❛r ♦ t❛❜✉❧❡✐r♦ ♣❛r❛ ❡st❡ ❝❛s♦✳

❼ P❛r❛ ♣♦s✐❝✐♦♥❛r ♦ tr✐â♥❣✉❧♦ ❜r❛♥❝♦ ❡♠ ✉♠❛ ❞❛s ❜♦r❞❛s✱ t❡♠♦s ✶✷ ♣♦ss✐❜✐❧✐❞❛❞❡s✳ ❋❡✐t♦ ❡ss❛ ❡s❝♦❧❤❛✱

r❡st❛♠ ❞❡ss❛ ❢♦r♠❛ ✷✾ ❝❛s❛s ❜r❛♥❝❛s ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ♦ ❝ír❝✉❧♦ ♣r❡t♦✱ ❥á q✉❡ três ❞❛s ✸✷ ❝❛s❛s

❜r❛♥❝❛s s❡rã♦ ❛❞❥❛❝❡♥t❡s ❛ ❝❛s❛ q✉❡ ❡st❛ ♣♦s✐❝✐♦♥❛❞♦ ♦ tr✐â♥❣✉❧♦✳ ❆ss✐♠✱ ❡①✐st❡♠ 12 · 29 = 348

❢♦r♠❛s ❞❡ ❛rr✉♠❛r ♦ t❛❜✉❧❡✐r♦ ♥❡st❡ ❝❛s♦✳

❼ P❛r❛ ♣♦s✐❝✐♦♥❛r ♦ tr✐â♥❣✉❧♦ ❜r❛♥❝♦ ♥♦ ✐♥t❡r✐♦r ❞♦ t❛❜✉❧❡✐r♦✱ t❡♠♦s ✶✽ ♣♦ss✐❜✐❧✐❞❛❞❡s✳ ❋❡✐t♦ ❡ss❛

❡s❝♦❧❤❛✱ r❡st❛♠ ❞❡ss❛ ❢♦r♠❛ ✷✽ ❝❛s❛s ❜r❛♥❝❛s ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ♦ ❝ír❝✉❧♦ ♣r❡t♦✱ ❥á q✉❡ q✉❛tr♦ ❞❛s ✸✷

❝❛s❛s ❜r❛♥❝❛s s❡rã♦ ❛❞❥❛❝❡♥t❡s ❛ ❝❛s❛ q✉❡ ❡st❛ ♣♦s✐❝✐♦♥❛❞♦ ♦ tr✐â♥❣✉❧♦✳ ❆ss✐♠✱ ❡①✐st❡♠ 18 ·28 = 504

❢♦r♠❛s ❞❡ ❛rr✉♠❛r ♦ t❛❜✉❧❡✐r♦ ♥❡st❡ ❝❛s♦✳

P♦rt❛♥t♦✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❛❞✐t✐✈♦✱ ❤á ✉♠ t♦t❛❧ ❞❡ 60+348+504 = 912 ❢♦r♠❛s ❞❡ ♣♦s✐❝✐♦♥❛r ❛s ❞✉❛s ♣❡ç❛s

s♦❜r❡ ♦ t❛❜✉❧❡✐r♦✳ ❊✱ ❛ss✐♠✱ ❛ ❛ss❡rt✐✈❛ ❝♦rr❡t❛ é ❛ ❧❡tr❛ ❉✳ □

❆♣❧✐❝❛çã♦ ✷✹✳ ✭Pr♦❢♠❛t✲❊◆❆✲✷✵✶✼✮ ❯♠ ❥♦❣♦ ❡ ❞✐s♣✉t❛❞♦ ❡♠ ✉♠❛ ♠❛❧❤❛ ❞❡ ✶✻ ♣♦♥t♦s✱ ❝♦♥❢♦r♠❡

❛ ✜❣✉r❛ ❞❛ ❡sq✉❡r❞❛ ❛❜❛✐①♦✳ ❖ ❥♦❣❛❞♦r ❆ ✐♥✐❝✐❛ ♥♦ ♣♦♥t♦ P ❡ ❞❡✈❡ ❝❤❡❣❛r ❛♦ ♣♦♥t♦ ◗✱ ♣♦❞❡♥❞♦ s❡

❞❡s❧♦❝❛r ❛♣❡♥❛s ❛♦ ❧♦♥❣♦ ❞❛s r❡t❛s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❡ ❛t✐♥❣✐r ❛♣❡♥❛s ✉♠ ♥♦✈♦ ♣♦♥t♦ ❛ ❝❛❞❛ r♦❞❛❞❛✳

❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ♦ ❥♦❣❛❞♦r ❇ ✐♥✐❝✐❛ ♥♦ ♣♦♥t♦ ◗ ❡ ❞❡✈❡ ❝❤❡❣❛r ❛♦ ♣♦♥t♦ P s♦❜ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s✳

❆s ❥♦❣❛❞❛s ❛❝♦♥t❡❝❡♠ ❛❧t❡r♥❛❞❛♠❡♥t❡✱ ✐♥✐❝✐❛♥❞♦ ❝♦♠ ♦ ❥♦❣❛❞♦r ❆✳ ❊♠ s✉❛ ✈❡③✱ ✉♠ ❥♦❣❛❞♦r ♥ã♦ ♣♦❞❡ s❡

❞❡s❧♦❝❛r ♣❛r❛ ✉♠ ♣♦♥t♦ q✉❡ ❡st❡❥❛ s❡♥❞♦ ♦❝✉♣❛❞♦ ♣❡❧♦ ♦✉tr♦ ❥♦❣❛❞♦r✳

❋✐❣✉r❛ ✹✳✺✿ ❏♦❣♦ ❡♠ ♠❛❧❤❛✳

❋♦♥t❡✿ Pr♦✈❛s ✭✷✵✶✼✮

❊♠ ✉♠❛ ♣❛rt✐❞❛ ❥❛ ❡♥❝❡rr❛❞❛✱ ♦ ❥♦❣❛❞♦r ❆ ♣❡r❝♦rr❡✉ ❛ tr❛❥❡tór✐❛ ❞❡st❛❝❛❞❛ ♥❛ ✜❣✉r❛ ❞❛ ❞✐r❡✐t❛ ❛❝✐♠❛✱

❛t✐♥❣✐♥❞♦ ♦ ♣♦♥t♦ ◗ ❡♠ ✻ ❥♦❣❛❞❛s✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s ♦ ❥♦❣❛❞♦r ❇ ♣♦❞❡ t❡r s❡ ❞❡s❧♦❝❛❞♦✱

s❛❜❡♥❞♦ q✉❡ ❡❧❡ ❛❧❝❛♥ç♦✉ ♦ ♣♦♥t♦ P t❛♠❜é♠ ❡♠ ✻ ❥♦❣❛❞❛s❄

✭❛✮ ✽

✭❜✮ ✾

✭❝✮ ✶✵

✭❞✮ ✶✶

✭❡✮ ✶✷



❈❛♣ít✉❧♦ ✹✳ ❆P▲■❈❆➬Õ❊❙ ✹✽

❙♦❧✉çã♦✿ P❛r❛ ❡❢❡✐t♦ ❞❡ ♣r❛t✐❝✐❞❛❞❡ ❞❡ r❡s♦❧✉çã♦✱ t♦♠❡♠♦s ♦ ♣♦♥t♦ P ❝♦♠♦ s❡♥❞♦ ✭✵✱✵✮ ❡ ♦ ♣♦♥t♦ ◗

❝♦♠♦ ✭✸✱✸✮✳ ❈♦♠♦ ❢♦r❛♠ ❡❢❡t✉❛❞❛s ✻ ❥♦❣❛❞❛s ♣♦r ❝❛❞❛ ❥♦❣❛❞♦r✱ ♦ ♣♦ssí✈❡❧ ❡♥❝♦♥tr♦ ❡♥tr❡ ♦s ❥♦❣❛❞♦r❡s ❆

❡ ❇ s❡r✐❛ ♥♦ ♣♦♥t♦ ❘ ✭✶✱✷✮✱ ❥á q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❛ tr❛❥❡tór✐❛ ❞❡ ❆ ❡ s❡r✐❛ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ❡♥❝♦♥tr♦ ♥❛

t❡r❝❡✐r❛ ❥♦❣❛❞❛ ❞❡ ❝❛❞❛ ❥♦❣❛❞♦r✳

P❛r❛ s❛✐r ❞❡ ◗ ♣❛r❛ ❝❤❡❣❛r ❡♠ P✱ ♦ ❥♦❣❛❞♦r ❇ r❡❛❧✐③♦✉ 6! ♠♦✈✐♠❡♥t♦s✱ ♣♦ré♠ ❞❡ss❡ t♦t❛❧ ❤♦✉✈❡ ❛❧❣✉♥s

♠♦✈✐♠❡♥t♦s r❡♣❡t✐❞♦s✱ ♣♦✐s ❡❧❡ r❡❛❧✐③♦✉ ✸ ♠♦✈✐♠❡♥t♦s ♣❛r❛ ❜❛✐①♦ ❡ ✸ ♣❛r❛ ❛ ❡sq✉❡r❞❛✱ t❡♥❞♦ ❛ss✐♠✱ ✉♠

t♦t❛❧ ❞❡ 3! · 3! ♠♦✈✐♠❡♥t♦s r❡♣❡t✐❞♦s✳ ▲♦❣♦✱ ♣❛r❛ r❡t✐r❛r ❡ss❡s ♠♦✈✐♠❡♥t♦s ❞❡✈❡♠♦s ❞✐✈✐❞✐r 6! ♣♦r 3! · 3!✱

♦✉ s❡❥❛✱ ♦ ❥♦❣❛❞♦r ❇ t❡♠
6!

3! · 3!
= 20 ♠❛♥❡✐r❛s ❞❡ s❛✐r ❞❡ ◗ ❛té P✳

▼❛s✱ ❡❧❡ ♥ã♦ ♣♦❞❡ ♣❛ss❛r ♣❡❧♦ ♣♦♥t♦ ❘✳ ❆ss✐♠✱ ❝❛❧❝✉❧❡♠♦s ♦ t♦t❛❧ ❞❡ ❝❛♠✐♥❤♦ q✉❡✱ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡✱

❇ ♣❛ss❛ ♣♦r ❘ ♣❛r❛ ❡♠ s❡❣✉✐❞❛ s✉❜tr❛✐r♠♦s ❞♦ t♦t❛❧ ❞❡ tr❛❥❡tór✐❛s✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ♦ q✉❡ ✜③❡♠♦s

❛♥t❡r✐♦r♠❡♥t❡✿ ♦ t♦t❛❧ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ◗ ❛ ❘ é
3!

2! · 1
= 3 ❡ ❞❡ ❘ ❛ P é

3!

2! · 1
= 3✱ ❧♦❣♦ ♣❛ss❛♥❞♦ ♣♦r ❘

t❡r❡♠♦s ✉♠ t♦t❛❧ ❞❡ 3 · 3 = 9 tr❛❥❡tór✐❛s✳

P♦rt❛♥t♦✱ ♦ ❥♦❣❛❞♦r ❇ ♣♦ss✉✐ 20 − 9 = 11 ❝❛♠✐♥❤♦s ♣♦ssí✈❡✐s✳ ❊✱ ❝♦♠ ✐ss♦✱ ❛ ❛ss❡rt✐✈❛ ❝♦rr❡t❛ é ❛ ❧❡tr❛

❉✳ □

❆♣❧✐❝❛çã♦ ✷✺✳ ✭Pr♦❢♠❛t✲✷✵✶✻✮ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ♣♦❞❡♠♦s ❝♦❧♦❝❛r✱ ❡♠ ❝❛❞❛ ❡s♣❛ç♦

❛❜❛✐①♦✱ ♦s ❛❧❣❛r✐s♠♦s ✷✱ ✸✱ ✹✱ ✼✱ ✽✱ ✾✱ ❞❡ ♠♦❞♦ q✉❡ t♦❞♦s ♦s s❡✐s ❛❧❣❛r✐s♠♦s ❛♣❛r❡ç❛♠ ❡ ❢♦r♠❡♠✱ ❡♠

❝❛❞❛ ♠❡♠❜r♦✱ ♥ú♠❡r♦s ❞❡ ❞♦✐s ❛❧❣❛r✐s♠♦s q✉❡ s❛t✐s❢❛ç❛♠ ❛s ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s❄

−− < −− < −−

✭❛✮ ✷✵

✭❜✮ ✷✻

✭❝✮ ✻✵

✭❞✮ ✶✷✵

✭❡✮ ✼✷✵

❙♦❧✉çã♦✿ ❚❡♠♦s q✉❡ ❡s❝♦❧❤❡r três ❛❧❣❛r✐s♠♦s q✉❛✐sq✉❡r ♣❛r❛ ❛s ❞❡③❡♥❛s ❡♥tr❡ ♦s s❡✐s ♣♦ssí✈❡✐s✱ ❛ss✐♠✿

6 · 5 · 4 = 120.

❝♦♠♦ ❛ ♦r❞❡♠ ♥ã♦ ✐♠♣♦rt❛✱ ♣r❡❝✐s❛♠♦s ❡❧✐♠✐♥❛r ❛s ♣❡r♠✉t❛çõ❡s ❡♥tr❡ ♦s três ❡❧❡♠❡♥t♦s ❡s❝♦❧❤✐❞♦s✱ ♣❛r❛

t❛♥t♦ ❜❛st❛ ❢❛③❡r♠♦s ❛ ♦♣❡r❛çã♦ ✐♥✈❡rs❛✱ ♦✉ s❡❥❛✱

120

P3
= 20.

❈♦♠♦ sã♦ ❞✐st✐♥t♦s✱ só ❤á ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ♦r❞❡♥á✲❧♦s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳ ❘❡st❛♠ três ❛❧❣❛r✐s♠♦s

♣❛r❛ ❛s ✉♥✐❞❛❞❡s ❡✱ ❝♦♠♦ ♦s ❛❧❣❛r✐s♠♦s ❞❛s ❞❡③❡♥❛s sã♦ ❞✐st✐♥t♦s✱ ♣♦❞❡♠♦s ♣❡r♠✉t❛✲❧♦s ♥♦s ❡s♣❛ç♦s ❞❛s

✉♥✐❞❛❞❡s✱

3 · 2 · 1 = 6.

❚❡♠♦s ❡♥tã♦✱ ✷✵ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ♣❛r❛ ♦❝✉♣❛r ♦s ❡s♣❛ç♦s ❞♦s ❛❧❣❛r✐s♠♦s ❞❛s ❞❡③❡♥❛s ❡ ✻ ♣❛r❛ ❛s

✉♥✐❞❛❞❡s✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦✱

20 · 6 = 120.

□

P♦rt❛♥t♦✱ ♣❡r❝❡❜❡♠♦s ♦ q✉❛♥t♦ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ♣♦ss✉✐ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡

✐♥✢✉ê♥❝✐❛ ♥♦s ❝♦♥❝❡✐t♦s ❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♥♦ q✉❡ t❛♥❣❡ à ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❜ás✐❝❛✳ ❈♦♠♦
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t❛♠❜é♠✱ ❡ss❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❡①✐❣❡ ❞♦s ❡st✉❞❛♥t❡s ❡ ❝❛♥❞✐❞❛t♦s ❞❡ ❝♦♥❝✉rs♦s ✉♠ ❝❡rt♦ ❣r❛✉ ❞❡ r❛❝✐♦❝í♥✐♦

♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❛s q✉❡stõ❡s✳



✺✵

✺✳ ❈❖◆❙■❉❊❘❆➬Õ❊❙ ❋■◆❆■❙

❊ss❡ tr❛❜❛❧❤♦ ♣r♦♣ôs ✉♠ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✱ ✈✐s❛♥❞♦ ✐❞❡♥✲

t✐✜❝❛r ❝❛✉s❛s q✉❡ ❞✐✜❝✉❧t❛♠ ♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠ ❞❡ss❡ ✐♠♣♦rt❛♥t❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♣❛r❛

✐ss♦✱ ❧❡✈♦✉✲s❡ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ❢♦r♠❛ ♠❡t♦❞♦❧ó❣✐❝❛ ❝♦♠♦ ♥♦s ❢♦✐ ♣r♦♣♦st♦ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱ ❝♦♠♦ ❡stá

s❡♥❞♦ ♣r♦♣♦st♦ ♣♦r ❛❧❣✉♥s ❧✐✈r♦s ❞✐❞át✐❝♦s ❛❞♦t❛❞♦s ♥❛s ❡s❝♦❧❛s✱ ❧✐✈r♦s ❞❡ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❛rt✐❣♦s

❝✐❡♥tí✜❝♦s✳

P❛r❛ s❡ ♦❜t❡r ✉♠❛ ❝♦♠♣r❡❡♥sã♦ ♠❛✐s ❝♦♥t✉♥❞❡♥t❡ ❞❡ ❝♦♠♦ ❡❧❡ ✐♥✢✉ê♥❝✐❛ ❞✐r❡t❛♠❡♥t❡ ♥♦ ❡♥t❡♥❞✐✲

♠❡♥t♦ ❞♦s ❝♦♥❝❡✐t♦s ❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♥♦ q✉❡ t❛♥❣❡ à ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❜ás✐❝❛✱ ❞❡✜♥✐✉✲s❡

♦s s❡❣✉✐♥t❡s ♦❜❥❡t✐✈♦s✿ ♣r✐♠❡✐r♦✱ ❢❛③❡r ✉♠❛ r❡✈✐sã♦ ❤✐stór✐❝❛ ❞❛ ❡✈♦❧✉çã♦ ❡ ❝r✐❛çã♦✱ ♦♥❞❡ ✈❡r✐✜❝♦✉✲s❡ q✉❡

é ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❡ ✈❡♠ s❡ ❛♠♣❧✐❛♥❞♦ à ♠❡❞✐❞❛ q✉❡ s✉r❣❡♠ ♥❡❝❡ss✐❞❛❞❡s ♦✉ ✐♥q✉✐❡t❛çõ❡s ❤✉♠❛♥❛s✳

❙❡❣✉♥❞♦ ❛♣r❡s❡♥t❛r ❋❛t♦r✐❛❧✱ P❡r♠✉t❛çõ❡s✱ ❆rr❛♥❥♦s ❡ ❈♦♠❜✐♥❛çõ❡s s❡♠♣r❡ ❛ ♣❛rt✐r ❞♦ Pr✐♥❝í♣✐♦ ▼✉❧✲

t✐♣❧✐❝❛t✐✈♦✱ ❥á q✉❡ sã♦ ❝❛s♦s ❡s♣❡❝✐❛✐s ❞❡❧❡✳ ❖ t❡r❝❡✐r♦ ❡ ú❧t✐♠♦ ❢♦✐ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t❛❣❡♠

♣r♦♣♦st♦s ❛♦ ❧♦❣♦ ❞♦ tr❛❜❛❧❤♦ s❡♠♣r❡ ❛ ♣❛rt✐r ❞♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✱ ✈✐s❛♥❞♦ ✉♠❛

♠❡❧❤♦r ✐♥t❡r♥❛❧✐③❛çã♦ ❝♦♥❝❡✐t✉❛❧✳

P♦rt❛♥t♦✱ ❡st❛ ❛❜♦r❞❛❣❡♠ ❛❜❞✐❝♦✉✲s❡ ❞❛s ❢ór♠✉❧❛s ♣r♦♥t❛s ❡ ♦♣t♦✉ ♣❡❧❛ ✈❛❧♦r✐③❛çã♦ ❞❛ ❝♦♠♣r❡✲

❡♥sã♦ ❝♦♥❝❡✐t✉❛❧✱ ❡♠ q✉❡ ♦ ❡st✉❞❛♥t❡ é ❡st✐♠✉❧❛❞♦ ❛ ❝r✐❛r s❡✉ ♣ró♣r✐♦ ♠♦❞❡❧♦ ❞❡ r❡s♦❧✉çã♦✱ t♦r♥❛♥❞♦

❛ss✐♠ ♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠ ♠❛✐s ❞✐♥â♠✐❝♦✱ ❡♥✈♦❧✈❡♥t❡ ❡ ❝r✐❛t✐✈♦✳

P♦❞❡✲s❡ ♣❡r❝❡❜❡r ❛ ♠❛t❡♠át✐❝❛ ❡♠ t✉❞♦✱ ♦ q✉❡ ❢❛③ ✈❛r✐❛r ❡ss❛ ♣❡r❝❡♣çã♦ é ♦ ♥í✈❡❧ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦

❞❡ ❝❛❞❛ ✐♥❞✐✈í❞✉♦✳ ❈♦♠♦ s✉❣❡stã♦ ♣❛r❛ ❡①t❡♥sã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ s✉❣❡r❡✲s❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞♦ Pr✐♥❝í♣✐♦

❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❛tr❡❧❛❞❛ ❛ s✐t✉❛çõ❡s ❞♦ ❝♦t✐❞✐❛♥♦✳
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❬✾❪ ▲■▼❆✱ ❊❧♦♥ ▲❛❣❡s✳ ❈❆❘❱❆▲❍❖✱ P❛✉❧♦ ❈❡③❛r P✐♥t♦✳ ❲❆●◆❊❘✱ ❊❞✉❛r❞♦✳ ▼❖❘●❆❉❖✱ ❆✉❣✉st♦
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